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Chapter I : GENERAL INTRODUCTION 
It is one of the fascinating aspects of the quantum theory of solids 
that in a metal, the electrons can move freely over a fairly large 
distance, called the mean free path (up to 1 cm in pure metals at low 
temperatures), without a collision with, for instance, impurities or 
lattice vibrations (phonons).In the absence of an applied voltage over 
the metal, the electrons move in random directions and no net current 
flows in the sample. In a uniform electric field, caused by an applied 
voltage, the electrons are accelerated over a distance of the order of 
the mean free path in the direction of the field and the electrons get 
a preferred velocity-component, the drift velocity, which is responsible 
for the current through the metal. After a collision, the electron comes 
back in equilibrium, and then the acceleration process starts again. 
Using this simple mean-free-path model for the electrical conduction, 
one can readily show that the applied voltage over a metal sample is 
proportional to the electrical current. This is the well known Ohm's law. 
Due to the high electrical conductivity of a metal, the drift velocity 
is very small compared to the average random velocity of the electrons 
(Fermi velocity). This is why Ohm's law is such a good approximation 
for the relation between the current and the voltage m a metal. 
Increasing the voltage will certainly increase the drift velocity of the 
electrons, but from an experimental point of view, again due to the high 
electrical conductivity, deviations from Ohm's law are difficult to 
distinguish from ordinary heating effects. 
In this thesis, we discuss interesting non- linear phenomena observed 
in the current-voltage characteristics of metallic constrictions (point 
contacts) which have a linear dimension a comparable to or smaller than 
the electronic mean free path Í (a<î.) . In these point contacts, it is 
possible to have a rather high electric field within a metal, impossible 
otherwise, wich gives the electrons a considerable drift velocity within 
the metal by simply applying a voltage over the contact. No significant 
heating occurs in this geometry. The observed non-linearity of the current-
voltage relation in metallic point contacts can be used for a fundamental 
study of the interactions of the electrons in a metal. A spectral analysis 
of the relevant scattering mechanisms for the conduction electrons in a 
metal is possible. This experimental method, developed in Prof. I.K.Yanson's 
1 
laboratory xn Kharkov and in our laboratory in Nijmegen is nowadays called 
"point-contact spectroscopy". 
Starting with the advent of rotating machinery at the end of the 19th 
century, the problem of the understanding of electrical contacts is qjite 
old. Today, in the technology of micro electronics, the manufacturing 
of metallic contacts is again important in order to attach stable metallic 
leads to semi-conducting devices (diodes, transistors, integrated circuits). 
The current densities in contacts of these small-scale devices can be as 
large as 10 A/cm (a few milliampêres through a contact with a linear 
dimension of a few microns). The point contacts under study in point-
contact spectroscopy and discussed in this thesis have even larger current 
11 2 
densities (up to 10 A/cm ) and reveal remarkable non-linear behaviour. 
The first pioneering experiments in this rather new field were done by 
Yanson in Kharkov (USSR) in a study of the current-voltage characteristics 
of tunnel junctions (two metal films separated by an oxide layer) with 
a short circuit between the metal films deliberately or accidentally 
produced. He discovered that the contact resistance of these micro contacts 
at liquid helium temperatures increased remarkably in a non-linear way 
at applied voltages which correspond to the phonon frequencies of the 
bulk metal forming the junction. This observation indicates that the 
non-linearity is related to the coupling between the conduction electrons 
and the phonons. Moreover, Yanson found, as the grand result for point-
contact spectroscopy, that the measured voltage derivative of the resistance 
gives a signal as function of the applied voltage which is proportional 
2 2 
to the electron-phonon coupling parameter α F(ω), α F(ω) characterizes the 
energy dependent electron-phonon interaction, loosely speaking, F is the 
phonon density of states and a the matrix element for the electron-
phonon interaction averaged over the Fermi sphere. 
The applicability of this spectroscopic method has been dramatically 
increased by the discovery that also metallic point contacts, consisting 
of a sharply etched needle ("spear") pressed against a bulk surface 
2 ("anvil"), are useful for an experimental study of the phenomenum . 
These pressure-type point contacts make it possible to use the method in 
a simple and convenient way for an experimental study of a large variety 
of samples, including single crystals in order to study anisotropy 
effects. In figure 1 we give an example of the current—voltage characteristics 
for a pressure-type point contact of copper. The increase in the resistance 
2 
Fig. 1 Current-voltage characteristics as directly measured on a 
recorder of a copper point contact with a resistance R = 5.7 Ω 
о 
at a temperature Τ = 1.2 К. The current I (a), the differential 
2 2 
resistance dV/dl (b) and the second derivative d V/dl (c) are 
given as a function of the applied voltage V. The structures in 
2 2 
the d V/dl -signal around 17 and 27 mV correspond to the bulk 
phonon frequencies of copper. 
2 2 dV/dl around 17 and 27 mV and the resulting structures in the d V/dl 
signal are clearly visible. These experiments reveal in a very clear way 
2 
the α F-spectrum for the electron-phonon interaction in copper. 
The coupling between electrons and phonons plays an important role 
in many physical properties of metals, such as the electrical conductivity, 
the thermal conductivity, superconductivity etc. This makes that an 
2 
experimental determination of the function α F is of great interest. This 
is of particular importance, as theoretical band structure calculations 
2 
of α F seem to be rather difficult and not too reliable. 
The point-contact method gives, as an example, detailed information about 
the relative strength of the coupling of the electrons with the various 
phonon modes (transverse and longitudinal) in a metal. For normal 
metals, (i.e non-superconductors), point-contact spectroscopy is, at 
3 
least until now, the only experimental method which can determine the 
2 
energy dependence of the function α F successfully. 
For an intuitive explanation of the non- linearity m the current-
voltage characteristic of a point contact it is instructive to make a side 
step to one of the classic experiment in atomic pnysics: the Franck-Hertz 
experiment . In a tube filled with a dilute gas of mercury atoms, electrons 
are accelerated through a potential. Increasing the potential results in an 
increase of the kinetic energy of the electrons. If the kinetic energy 
of the electrons reaches the quantum energy, which can be absorbed by a 
Hg atom, the conductivity of the gas chamber decreases. This process results 
in the periodic pattern of the conductivity of a dilute gas of mercury atoms 
in an applied electric field,as shown in figure 2. The Franck-Hertz 
experiment STOWS m a clear way that the emission and absorption of light 
is quantized, and, more important in our context, that the scattering 
cross section for the scattering of the electrons with Hg atoms is a measurable 
function of the energy. For a point contact between two metals, a simular 
situation holds: The electrons are accelerated in the electric field caused 
by the applied voltage by passing the contact area. A moderation and a slow 
down of the injected electrons occurs via inelastic collisions with 
phonons,these processes depend strongly on the energy of the electrons and 
give rise to a non-linear current-voltage characteristic due to the electron-
phonon interaction. 
4,5 
In a theoretical analysis , the transport problem for the electrical 
current througn a point contact in the limit a<£ has been solved, using the 
concept of "blackflow". After having suffered an inelastic collision 
(spontaneous emission of the phonon) the electrons which have been injected 
through the contact, can flow back through the constriction. This explains 
the increase in resistance at typical phonon energies. The theoretical 
analysis shows that the second derivative signal for a metallic point 
2 
contact is proportional to a slight modification of the usual function α F. 
The modification has to do with the transport efficiency for the occurence 
of a blackflow process in the point- contact geometry. 
Until now point-contact spectroscopy has been used almost exclusively 
to study the electron-phonon interaction. It is obviously very much 
worthwile to investigate the possibility if other scatterers than phonons 
can be probed via the same point-contact method. Recently, the interaction 
of electrons with magnons and with paramagnetic impurities has been 
4 
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Fig. 2 The Franck-Hertz experiment from atomic physics. The conductivity 
dl/dV as a function of the voltage in a dilute gas of mercury atoms 
(After the original paper by Franck and Hertz). 
detected successfully m point- contact experiments, with, respectively, 
ferromagnetic metals and magnetically dilute alloys (Kondo systems). 
These experiments give a promising future for the detection of all kinds 
of scattering mechanisms of the conduction electrons in a metal using 
point-contact spectroscopy. The only limiting condition seems to be that 
the electronic mean free path of the sample to be investigated in a point-
contact geometry has to be comparable or larger than the dimensions of the 
contact. 
The thesis is organized as follows. In the next chapter, a survey is 
given of the theoretical and experimental work done in this field with 
its exciting "sharp points". After this review, the following chapters 
treat several aspects in point-contact experiments, involving the measurement 
of the electron-phonon coupling in noble metals, the observation of 
double phonon processes, the temperature dependence of the spectroscopic 
method and the application of point-contact experiments to Kondo systems. 
All chapters are given in the form of published papers or papers to be 
published. 
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Chapter II : POINT-CONTACT SPECTROSCOPY IN METALS 
Abstract 
Point contacts between normal metals at low temperatures show very 
interesting non-linear phenomena in the current-voltage characteristics. 
The observed deviations from Ohm's law in metallic constrictions can be 
used for an energy resolved spectral analysis of the interaction mecha-
nisms of the conduction electrons with elementary excitations in a metal. 
A review is given on the theoretical and experimental work dealing with 
this spectroscopic method. The metallic point contacts investigated show 
structures in the measured secord derivative d V/dl2 which are in agree-
ment with structures in the phonon density of states of the metal under 
study. A theoretical analysis, involving an iterative solution of the 
full non-linear Boltzmann equation for the transport problem of a cur-
rent through a point-contact geometry, is able to show that the observed 
second derivative signal is proportional to Eliashbergs form of the elec-
tron-phonon interaction a2F(u>), with a slight modification due to a trans-
port efficiency function. Non-equilibrium effects of the phonon system 
are discussed in relation to the observed background signal on which the 
a2F-signal is thought to be superimposed. The theory can easily be exten-
ded to other scattering mechanisms than the electron-phonon interaction, 
and some experiments show that the interactions of conduction electrons 
with magnons and paramagnetic impurities can be detected using point con-
tacts between ferromagnetic metals and between magnetically dilute alloys. 
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1. Introduction 
The problems of electrical contacts between metals have always attrac­
ted a great deal of interest. Especially in the development of micro elec­
tronics, much effort has been put in the production of reliable contacts 
to these small-scale devices. For the metallic contacts, one usually ex­
pects a linear relation between the applied voltage and the current through 
the contact, according to Ohm's law. However, interesting non-linear be-
haveour can be observed in the current-voltage characteristics of metallic 
constrictions if the linear dimension of the contact becomes comparable to 
or smaller than the mean free path of the electrons in the metal. It turns 
out that the observed phenomenum can be used for a fundamental study of 
the scattering mechanisms of the conduction electrons in a metal, leading 
to a new experimental tool, nowadays referred to as "point-contact spectros­
copy" . In this paper we want to give a review on the experimental and 
theoretical work done in this field following the first pioneering and 
important publication by Yanson (1974 a). 
In an experimental study of metal-insulator-metal tunnel junctions, 
with a short circuit in the oxide layer between the metal films, Yanson 
(1974 a) has found that the current-voltage characteristics of these metal­
lic micro contacts showed a non-lmear behaviour at liquid helium tempe­
ratures. To characterize the non-linearity Yanson has measured the second 
2 2 
derivative d V/dl of the voltage with respect to the current as a func­
tion of the voltage V. As a most remarkable result, he observed structures 
in the measured second-derivative signal at applied voltages corresponding 
to the bulk phonon frequencies of the metal forming the junction. Yanson 
interpreted the expennental data as a direct measurement of the electron-
2 
phonon interaction function α F. Roughly speaking, the Eliashberg function 
2 
α F is the product of the phonon density of states F and the squared 
matrix element α for the electron-phonon interaction, averaged over the 
Fermi sphere. As the radius a of the investigated contacts is small com­
pared to the mean free path I of the electrons (a < Я), the transport of 
electrons through the contact is ballistic and no longer diffuse. Within a 
mean free path distance, the electrons are accelerated due to the electric 
field caused by the applied voltage, and are injected from one metal side 
to the other by passing the contact (Sharvm, 1965). The accelerated elec­
trons are brought back into equilibrium via inelastic collisions with, for 
8 
instance, phonons. In paragraph 3 of this paper, we will show in a simpli­
fied and intuitive picture that one can easily get an interpolation formu­
la for the resistance of a contact in the intermediate regime between the 
limiting cases of a >> £ or a << i and it is found that the inelastic 
phonon emission near the orifice yields a second derivative signal which 
2 
is proportional to the Eliashherg function α F. Recently, theoretical work 
with a more fundamental approach has become available (paragraph 4). The 
full non-linear Boltzmann equation has been solved for the point-contact 
problem, introducing the concept of "backflow" (Kulik et al., 1977; van 
Gelder, 1978). After injection, the electrons can flow back through the 
orifice due to an inelastic scattering process; this process gives rise 
to a negative and voltage-dependent correction to the current. Hence, the 
non-linear current-voltage relation contains information about the inelas­
tic collisions of the electrons. A careful analysis then shows that the 
measured spectrum is characterized by a slight modification of the function 
2 
α F, involving a geometrical transport efficiency for the backflow current 
arising from the electron-phonon interaction. In addition, in most point-
contact spectra a smooth background signal is observed, on which the 
2 
α F-signal is thought to be superimposed. An explanation for the background 
signal can be given in terms of a non-equilibrium distribution of the phonon 
system, which gives additional corrections to the current from stimulated 
emission and absorption processes (van Gelder et al., 1978; van Gelder, 
1980). 
Experimentally, various metals have been investigated using point-con­
tact spectroscopy for the measurement of the electron-phonon interaction 
(Yanson and Kulik, 1978). The method has been extended for the investigation 
of a large variety of samples, including single crystals, by the fact, that 
pressure-type point contacts, consisting of a sharply etched spear pressed 
against a bulk anvil, appeared to be very useful for spectroscopic investi­
gations (Jansen et al., 1977 and 1978). In paragraph 5, the experimental 
techniques used for the point-contact method will be discussed. Paragraph 
6 contains a survey of the experimental results of the measured electron-
phonon interaction in metals using metallic point contacts. This technique 
provides interesting and novel results, especially for the normal metals, 
which have not been studied before. For instance, one gets direct experi­
mental information concerning the relative strength of the various phonon 
modes (transverse or longitudinal) m the electron-phonon coupling. 
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The influence of the temperature will be treated in paragraph 7. An 
increase of the measuring temperature results in a broadening of the mea­
sured second derivative spectra. It is very interesting to compare the tem­
perature dependence of the point-contact resistance at zero voltage with 
that of the bulk resistivity. Small differences in the temperature depen­
dence for the two cases can be ascribed to differences in the transport ef­
ficiency in the bulk and in the point-contact geometry (van Gelder et al., 
1980 a). 
It is obvious that point-contact spectroscopy can in principle be ap­
plied to any arbitrary scatterer, not only phonons. The relevant theory 
will therefore be presented accordingly. In paragraph 8 experimental re­
sults will be discussed which have been performed in ferromagnets (Verkin 
et al., 1979) and in magnetically dilute alloys (Jansen et al., 1980 b) 
in order to detect other scattering mechanisms than the electron-phonon 
interaction. In the point-contact experiments with ferromagnets, structure 
is observed which can be ascribed to strong heating in the vicinity of the 
metallic contact. A modified temperature dependent resistivity is measured 
arising from electron-magnon interaction. The experiments with the Kondo 
systems seem to open the possibility for a direct determination of the 
energy-dependent scattering time for a metal containing paramagnetic im­
purities from the change in resistance of a point-contact. 
However, a word of caution should be said about the general appli­
cability of point-contact spectroscopy as a general tool to measure the 
energy dependence of the scattering length. As the technique works only 
if the dimensions of the point contact are small or at least comparable to 
the mean free path of the electrons, point-contact spectroscopy can only 
be applied successfully to reasonably pure metals with not too short a mean 
free path. 
2. Methods for obtaining phonon spectra 
It is rather difficult to determine theoretically the Eliashberg 
2 
function α F, responsible for the electron-phonon interaction in metals. 
Therefore, it is of considerable importance to measure the phonon spectra 
experimentally; this can be done in several ways. Detailed phonon disper­
sion curves u)(q) (phonon frequency ω as function of wave number q) along 
the principal symmetry directions of a single crystal are obtained from 
10 
experiments with coherent inelastic neutron scattering (Dolling and 
Woods, 1965); these dispersion curves can then be fitted to an interatomic 
force model for nearest neighbor interactions (Born- von Karman analysis). 
By sampling over a large number of q-values, the phonon density of states 
F (a;) is then calculated from the dispersion curves. For materials, which 
absorb neutrons (i.e. He or Cd), diffuse X-ray scattering can be used in 
a similar way to determine the phonon dispersion curves leading to F(ω) 
(Walker, 1956). 
Using the superconducting tunneling mechanism in a geometry of two 
metal films separated by an oxide layer the electron-phonon interaction 
2 
α F can be measured for superconducting metals (McMillan and Rowell,1969). 
The density of states in a superconductor is obtained experimentally from 
the conductivity of the tunnel junction in the superconducting state, nor­
malized to that in the normal state. Theoretically, using the theory of 
strong coupling superconductors (Parks, 1969), the density of states can 
be found by an iterative solution of the coupled Eliashberg equations 
2 
containing the function α F. By trial and error, it is then possible to 
2 
determine α F by comparing the theoretically calculated density of states 
with the experimental results. Using the proximity effect, in a tunnel 
junction phonon structures have been observed m a normal metal backed by 
a superconductor (Chaikin and Hansma, 1976). 
In tunneling experiments with superconductors put in the normal state 
by a magnetic field, non-linearities in the current-voltage characteristics 
have been observed at typical phonon energies (Rowell et al., 1969), which 
can be analysed in terms of an enhanced tunneling probability arising from 
phonon modes of the surface layer in the metal electrodes. It is interes­
ting to note that m these tunneling experiments an increase is seen m the 
conductivity of the junction, where point-contact spectroscopy shows an in­
crease in the contact resistance. 
In Mossbauer experiments (Frauenfelder, 1962) a moment of the function 
α F ( ƒ α F(ω) ω du for η = + 1, + 2 ) can be measured. One should 
realize that the energy dependence of the electron-phonon interaction is 
also contained in the temperature dependence of the electrical resistivity, 
2 
which could allow a determination of α F using a suitable analysis. 
Point-contact spectroscopy seems to be an important tool to measure 
2 
the function α F. Especially for non-superconducting metals, it is the 
only known method to yield detailed information on the energy dependence 
11 
of the electron-phonon interaction. As up to now phonon spectra of metals 
are most elaborately studied using inelastic neutron scattering (Γ(ω)) and 
2 
superconducting tunnelmg-spectroscopy (a F (ω)), we will compare the point-
contact spectra with spectra from these experimental techniques. 
3. Constriction resistance and its voltage dependence 
We want to describe the voltage dependence of the electrical resis­
tance of a metallic point contact at low temperatures which reveals the 
non-linearity in the current-voltage characteristics arising from inelastic 
scattering processes of the electrons. In this paragraph, we use a heuristic 
approach in order to clarify the role of the relavant parameters in point-
contact experiments. In particular we discuss in detail the interactions 
of the electrons with the lattice vibrations, i.e. the electron-phonon 
interaction. In paragraph 4 a more formal solution of the non-linear 
Boltzmann equation for the point-contact problem will be discussed; this 
approach will be extended to arbitrary targets for inelastic scattering of 
the conduction electrons. 
The interest in the understanding of electrical contacts, often called 
the problem of the "constriction resistance" is quite old (Holn, 1967). 
Already Maxwell (1904) has studied the problem of the resistance of a small 
metallic contact. He solved in a classical way Poisson's equation for the 
electrical potential energy φ as a function of the position τ_ 
V 2 φ (г) = 0 (3.1) 
m oblate spherical coordinates. For a current flowing through a con­
stricting circular orifice of radius a the contours of constant potential 
energy are given by 
Ф(г) = + ψ- I 1 - - arctan (1/ζ)] , (3.2) 
— — Ζ TT 
where the oblate spherical coordinates may be found from tne more familiar 
2 2 
spherical coordinates r and z by solving the implicit equation r /a 
9 2 2 2 (1 + ξ )(1 -z /ζ a ) (figure 1). The two signs refer to the two sides of 
the contact. The total voltage V, applied over the contact, devided by 
the current through any contour of constant potential yield an expression 
for the contact resistance. For simplicity we choose the contour with 
ξ = 0 and ф(г) = 0, that is the orifice itself. The current 1 is given by 
12 
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an integral of the current density j_ over the area О of the orifice 
I = ƒ do . ] 
2 π a
 ι SA f äiP f r dr — ( ^ 3- ) 
0 0 p e 3 Z z=0 (3.3) 
Here, explicit use of Ohm's law is made in the form of ι = σ E = 
ζ ζ 
= (1/pe) Οφ/3Ζ) , where the conductivity of the metal is given by a = 1/p. 
From this, one gets the Maxwellian resistance for the point contact 
M 
p/2a (3.4) 
Maxwell's method gives the solution for the point-contact problem m 
the regime where Ohm's law [j, = σΕ is valid. However, for contacts of 
metals where the mean free path i of the electrons is much larger than the 
linear dimension a of the contact, this assumption does not hold any more. 
The problem resembles the well known Knudsen-problem in the kinetic gas 
theory: By pumping through a small hole in a gas container, the pressure of 
the gas will be lowered. However, at the moment where the path length of 
the gas molecules becomes comparable with the diameter of the hole, there 
is no longer diffuse flow and the molecules will pass the orifice ballisti-
cally. The problem was first considered by Knudsen (1934) and the different 
regimes are characterized by the Knudsen ratio К = ¿/a . 
Electrical contacts in the clean limit with large Knudsen ratios 
13 
Fig.2 Point-contact in the 
Knudsen limit (ί. > a) 
leading to a ballistic 
transport of the electrons. 
have a large gradient in the potential near the contact, causing the elec­
trons to be accelerated within the metal over a short distance (figure 2). 
Crudely speaking, the electrons are injected with an excess energy from 
one metal to the other. This type of contacts with large Knudsen numbers 
has been discussed for the first time by Sharvin (1965). The speed in­
crement Δν for an electron which passes the orifice is proportional to the 
applied voltage: Δν = eV/p , where ρ is the Fermi momentum. The speed in-
2 
crement results in a current I through the contact, given by I = π a η Λν = 
2 2 0 
π a (η e /р„) , where η is the electron density. Using the Drude formula 
o F о 
for the resistivity ρ = p_/n e Í, one finds an expression for the resis-
F о
 2 
tance of a contact in the limit of high К = Jt/a: R = ρ {./π a . Performing 
the integration over all possible angles gives a numerical factor of 4/3. 
The Sharvin resistance (К = Я/а >> 1) of a circular contact is therefore 
given by 
R = ^ 5 - - (3.5) s
 ->
 2 
3 Tta 
It should be realized that the Sharvin resistance is independent of the 
mean free path Í. because ρ α l/í·, as expected for ballistic transport 
through the contact. Using the expressions for the resistances in the 
Maxwell and Sharvin limit we can make an estimate of the contact radius 
a for i.e. a copper point contact with resistance R = 1 Ω and residual re­
sistivity ratio between roomtemperature and liquid helium temperature RRR=20. 
Using the Maxwell formula, we find a = 4 A, and using the Sharvin formula 
a = 120 A. For a reasonable pure metal we may conclude that the point con­
tacts usually obtained in these experiments can be considered to be in the 
Knudsen limit (2./a > 1). 
In between the limiting cases of the Maxwell resistance R (K << 1) 
M 
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and the Sharvin resistance R (K >> 1), given by equations (3.4) and (3.5), 
a simple interpolation formula can be found. Wexler (1966) has given a so-
lution of the Boltzmann equation, using the variational principle for the 
resistance of a contact. One gets for the resistance R of the point-contact 
i_ £i + г(К) fî_ = i_ Hl (1 + H Γίκΐ 5-1 
3π 2 + Γ ί Κ ) ?a 3π 2 l l + θ Γ ( K ) Τ ' 
а а 
(3.6) 
Here, Г (К) is a slowly varying function of the Knudsen number K, with 
Г(К=0) = 1 and Г(К = «) = 0.694. 
The measured current-voltage characteristic of a Cu point-contact at 
low temperatures is non-linear as shown in figure 3. This is clearly visible 
2 2 
in the measured first and second derivative (dV/dl and d V/dl ), also plot­
ted in figure 3. The structure in the second derivative around 17 and 27 mV 
Fig. 3 Recorder output of the current-voltage characteristics of a 
copper point contact. The current I (a), the first derivative 
2 2 dV/dl (b) and the second derivative d V/dl are given as a function 
of the applied voltage V. Resistance R = 5.7 Ω; temperature 
Τ = 1.2 Κ. 0 
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occurs at energies corresponding to the typical phonon frequencies of Cu; 
therefore the signal is directly related to the electron-phonon interaction 
in the metal. As the measured signal is proportional to the voltage denva-
2 2 
tive of the resistance (d V/dl = 1/R dR/dV), the voltage or energy 
dependence of the contact resistance as expressed by equation (3.6) has to 
be considered. Usually, the electronic mean free path Í. will be energy de-
pendent, £. = He). However, in equation (3.6) only the second term depends 
on the mean free path £.(ε) as the product ρ8. is characteristic for a given 
metal and is independent of the mean free path. One finds for the voltage 
derivative of the resistance 
^
r ( K >ëi<fe^)> · 
The Sharvin-like term m equation (3.6) leads to no structure, but this 
term is essential as he allows to have an electric field within a metal. 
The total scattering lengtn I of the electrons is determined by the 
elastic scattering with the impurities (i. ) and the inelastic scattering 
with the phonons (Л ). Using Matthiessen's rule the total scattering 
length I can be written as 
1 "Ï— + f - · (3·8) 
imp ep 
Here, only the electron-phonon length Í will be energy dependent and 
give rise to a contribution to the signal via equation (3.7). Using the 
well known Fermi's golden rule argument for the transition rate of an 
electron arising from the electron-phonon interaction, one finds for the 
scattering time τ (e) = Î. (e) /ν„ of an electron with energy ε above the 
ep ep F 
Fermi level 
2 
- = •=£ Σ Ig | δ (ε -ε.-hai ) (Ν +l-f ) 
τ
 h
 к Ч
1
 p k q q к 
+ 6 (ε + hü) - с, ) (Ν + f. ) . (3.9) 
ρ q к q к 
Here, g is the matrix element for the electron-phonon interaction for a 
phonon with wave vector q and energy h ω , ε and ε the energies of elec-
q ρ К 
trons with momenta ρ and k, N the Bose distribution function of the phonons 
and f the Fermi distribution function of the electrons. The summation over 
к 
к can be replaced by an integral 
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Σ =
 !° /
 d / А , ( з . 1 0 ) 
к 2*1 
where N is the density of states at the Fermi level. Defining the 
Eliashberg function for the electron-phonon interaction as 
2 No d 2 
α F (ω) = -^- f 3-3- |g Ι δ (híu-hij ) , (3.11) 
2
 2 k2 q q 
the scattering time can now be written as 
1 2 
= 2π ƒ du α Γ(ω) [ 2Ν(ω) + 1 + ί(ε+ω) - ί(ε-ω)] . (3.12) 
τ(ε) 
For Τ=0 this reduces to 
1 E / h 2 
--T-7-= 2π ƒ dm α Γ(ω) . (3.13) 
τιε;
 0 
Therefore one finds the all important result that for low temperatures 
the voltage derivative of the point-contact resistance is given by 
І < ' = Й
Г
< К , ^ Л С ) - (3.14, 
2 
This equation allows a direct determination of α F by measuring the voltage 
derivative of the resistance of a metallic contact. 
2 2 In figure 4 we have plotted the measured second derivative d V/dl as 
a function of the applied voltage for a Au point contact. To compare the 
measured signal with the phonon spectrum, we have given in the same figure 
the phonon density of states F(ω) as obtained from inelastic neutron scat­
tering experiments. As expected, there is a clear agreement in the voltage 
dependence of the signal with the frequencies of the transverse and longi­
tudinal phonons. The point-contact spectrum shows a weaker coupling of the 
electrons with the longitudinal phonons than with the transverse phonons; 
this was observed for all the noble metal point contacts (Jansen et al., 
1977 and 1978). Note, that the point-contact spectrum should vanish for 
applied voltages bigger than the Debije energy, as there are no more phonons 
available. However, a smooth background signal, saturating at high energies 
at a non-zero level, remains (short-dashed line in figure 4). Because of 
the spontaneous emission of phonons, the phonon system does not have to be 
17 
d 2 V / d I 2 (V/A2) 
¿»O 
voltage |mV) 
2 2 
Fig. 4 Measured d V/dl spectrum of a gold point contact. The long-dashed 
line gives the phonon density of states F(ω) obtained from inelas­
tic neutron scattering (Lynn et al., 1973). The short-dashed line 
shows the smooth background signal. 
in thermal equilibrium. If this effect is taken into account, it will be 
shown in the next paragraph, that these non-equilibrium phonons give rise 
to a background signal, which saturates above the Debije energy, in agree­
ment with the experimental findings. 
4. Solution of the Boltzmann equation 
4.1 Formulation of the problem 
In the previous paragraph we have discussed the observed non-linear 
phenomena in the current-voltage characteristics of metallic point contacts 
using a more phenomenological approach based on an interpolation procedure 
between the Maxwell and Sharvin limit. Here, we present a more fundamental 
discussion based on the solution of the full non-linear Boltzmann equation 
for the point-contact problem which has recently become available (Kulik 
et al., 1977; Kulik and Yanson, 1978; van Gelder, 1978 and 1980; Jansen et 
al., 1980 b). The solution is based on an iterative procedure. In zeroth 
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order, the linear reLation between the current and the voltage is described 
for a point-contact geometry in the high Knudsen number limit, resulting 
in the energy-independent Sharvin resistance. In next order, energy-depen­
dent corrections are added to the current leading to the observed non­
linear behaviour of the point contacts. In our discussion, we will genera­
lize the solution of the problem, originally proposed by Kulik et al. 
(1977), in such a way that the electrons can scatter with arbitrary tar­
gets, i.e. phonons, impurities, localized spins, etc. (Jansen et al., 
1980 b). To avoid divergent terms in second order, van Gelder (197Θ and 
1980) has introduced a damping along the trajectory of the electrons. This 
approach gives in first order (i.e. for a contact with a large Knudsen 
number) the same results as without damping, while in higher orders the 
iterative procedure converges then apropriately. 
First of all the problem has to be formulated in terms of the 
Boltzmann equation for the distribution function of the electrons, and the 
Poisson equation for the electric field, taking properly into account the 
boundary conditions. These equations are then solved by iteration with res­
pect to the collision term in the Boltzmann equation, yielding solutions 
in zeroth and first order. Because until now point-contact spectroscopy 
is most successfully used for the experimental determination of the elec-
tron-phonon interaction in metals, the result will finely explicitly be 
applied to phonons, as the scattering targets. In context with the damping 
mechanism mentioned before, double collision processes will be treated as 
an application for higher order iterations. It is possible to discuss other 
interaction mechanisms which can be probed using point contacts within the 
same theoretical frane-work. In our analysis, we restrict ourselves mainly 
to a thermalized system of scatterers at a temperature Τ = 0, as most of 
the experiments are performed at liquid helium temperatures. The influence 
of the temperature, which in essence is only a thermal averaging can easily 
be taken into account. With respect to the electron-phonon interaction a 
2 2 
careful analysis shows that the measured derivative d I/dV is proportional 
2 
to a new electron-phonon interaction-function α F , where the subscript ρ 
^ 2 
indicates the difference with respect to the usual Eliashberg function α F 
due to an efficiency factor, which depends on the angle between the momenta 
of the electron before and after the collision. In the last part of this 
2 
paragraph the observed smooth background signal on which the α F-signal is 
thought to be superimposed will be discussed. An explanation of the back-
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ground signal is given in terms of a non-equilibrium distribution of the 
phonons, arising from the spontaneous emssion-processes in the vicinity 
of the contact. The analysis yields a saturating signal at high voltages. 
In addition, phonon-drag effects and direct electron-electron scattering 
can be associated with a structure at zero bias and, respectively, a signal 
which is linear in the applied voltage. 
Formally, to solve the point-contact problem, we have to determine the 
current I through a point contact for an applied voltage V. The point-contact 
geometry is represented by an open orifice in a otherwise, non-conducting 
plane which separates two metallic half-spaces. The current I is given by 
an integral of the z-component of the current density ] (r) over the area 
ζ — 
of the orifice(conveniently placed m the z=0 plane): 
I = ƒƒ dxdy ] (x,y,0) (4.1) 
, ζ 
orifice 
with the current density per unit volume given by 
3_(r) = 2 e Σ у^ fk(r) . (4.2) 
к — — 
ν, is the band velocity of an electron with a wave vector k, and f, (r) the 
-k — к — 
distribution function of an electron at the position £. Once the function 
f (r) is known, the current can fce calculated, and f (r) can be obtained K. — κ 
by solving the Boltzmann equation 
V
r
 fk(r) + f E . V^tr) = M (4.3) 
coll. 
with the drift terms on the left-hand side of this equation and the scat­
tering term on the right-hand side. The electric field E^  in the Boltzmann 
equation must be obtained from Poisson's equation 
- Д ф ( г ) = е . Е = -(2e/E ) Σ f (r) , (4.4) 
0
 к -
where Δ is the Laplacian operator applied to the electrostatic potential 
energy ф(г) and ε the dielectric constant of the vacuum. As the Thomas-
Fermi screening length is small (< 1 A) for a metal, the Poisson equation 
reduces to the condition of charge neutrality 
2e Σ [ fk(r) - f0(ek) ] = 0 (4.5) 
inside a metal, where f (ε, ) = 1/(e -1) is the usual Fermi-Derac 
о к 
distribution function in equilibrium (μ is the chemical potential). 
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Equations (4.3) and (4.5) have to be solved with the boundary conditions 
φ (ζ •+ + ">) = + eV/2 
f (ζ ч- + ») = f (ε )
 r
 ( 4
·
6
' 
к_ - о к 
because a voltage V is applied over the contact and the distribution has to 
be in equilibrium and equal to the Fermi function far from the orifice. 
The collision term for the gain and loss contribution to an electron state 
with wave vector к can be written as 
3fk(r) 
at 
= Σ [Г(к\ к) f .(l-f.) - r(k,k')f (1-f )] . (4.7) 
511. k' - Ü Í. Ü 
According to the general principles of statistical mechanics, the transition 
rate Г ()c ' ,k.) between an initial state |k^  i > and a final state |k f > is 
given by 
Г(к',к) =ψ- Σ P i 6(ef - ε 1 - (ε -е^))\< к f|u|k· i >|2. (4.8) 
if 
P. is the probability for the system to be in the state i, and ε. and ε 
are the initial and final energies of the target. The squared matrix-ele­
ment contains the interaction U between the scattered electron and the 
target. Arbitrary scattering mechanisms can be chosen for the targets; the 
most important one is obviously the electron-phonon interaction. 
Given the basic formulas for the solution of the problem, the Boltzmann 
equation (4.3) will be solved, using the charge neutrality condition (4.5) 
by an iteration with respect to the collision term taking into account the 
boundary conditions (i.e. an electron is specularly or diffusely reflected 
at the boundaries of the system). In a schematic way the successive contri­
butions to the current from these iterations are shown in figure 5. Figure 
5a gives the zeroth order field-emission current according to Sharvin's 
picture (1965). Figures 5b and 5c show the non-linear corrections to the 
Sharvin current for backflow processes, involving single and double col­
lisions with a target respectively. 
4.2 Solution in zeroth order: Sharvin current 
For the solution of the Boltzmann equation it is convenient to intro-
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Θ 
Θ 
Θ 
Fig. 5 Schematic view of the successive iterative contributions to the 
current through a point contact: zeroth order Sharvin current (a), 
first order single collision backflow (b) and second order double 
collision backflow (c). 
duce a local potential ψ (τ) in the expression for the distribution function 
f {rj , defined through 
V- = f° (e* " V £ ) ) ' ( 4 · 9 ) 
where f is the Fermi function. With a first order Taylor expansion of the 
distribution function with respect to this local potential ψ (rj the cur­
rent density in equation (4.2) becomes 
3f 
j
z
(r) = - 2e Σ v k z *k(r) ( j ± ) . (4.10) 
к_ — — к 
In the limit of low temperatures this expression reduces to 
] (r) = 2e <v ψ (r) > (4.11) 
ζ — kz к — о 
where we have used the definition Σ....δ(ε, -ω) = <....> for a summation 
к ω 
к 
over the Fermi-sphere. The distribution function on the left side of the 
Boltzmann equation (4.3) can also be expanded in a Taylor series, at which 
procedure only first order terms in the field are kept, and one gets 
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\ 
Στ \^ - e E ^i = 
Э^Сг) 
9 t 
3f 
о 
c o l l 
F(r,k) . (4.12) 
Using Chamber's method of trajectories, we integrate equation (4.12) along 
the path (variable s) of an electron. Introducing n^  = v./|v [, where η is 
parallel to the path s, equation (4.12) can be written as 
\ F(r,k) 
ai"" e !·£= --ПГТ * ( 4 Л З ) 
1
 к ' 
Integration from s = -<•> (far from the orifice) to s=0 (position r) yields 
an expression for the local potential ψ (rO 
0
 ds 
Ψ
κ
<£) = - [ф(г) - φ (s = -») ] - ƒ -=i F(r,k). (4.14) 
- IvJ 
The potential φ(ε= -«>) is given by the boundary condition for the starting 
point of the electron 
ф(з = -=>) = p(r, v^) eV/2 , (4.15) 
where p(r_, ν ) = + 1, depending on wether the starting point is at the high 
(p = + 1) or low (p = -1) potential side of the contact. The potential ф(г) 
has to be found from the charge neutrality condition (4.5), which can be 
written as follows 
<ψ. (r) > = 0 . (4.16) 
к - о 
Combining equations (4. 14) and (4. 16), we find for the potential energy 
ф(г) = -f- [< φ (s = -») > - <G(r,k) > ] , (4.17) 
- < 1 > о - - о 
о 
o
 d s 
where G(r,k) = ƒ F(r,k). It should be noted that ф(г) is an even 
- I v k l 
function in the velocity ν and that therefore the potential ф(г) doesn't 
give a contribution to the current density of equation (4.11). The electro­
static potential ф(г) determines the bottom of the conduction band, and 
plays no direct role in the electronic transport. 
Starting with F = G = 0, it is possible to get an iterative solution 
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of the Boltzmann equation, where the collision tern is used to produce the 
higher order iterations. In zeroth order (i.e. F = G = 0), one finds the 
field-emission current as discussed by Sharvm (1965). The potential energy 
in this zeroth order is then givon by 
(r) = < <J>(s = -») > /<1> 
- о о 
(4.18) 
Introducing Y(r) as the solid angle at which the orifice is seen from 
the position r, we obtain 
• ^ . - ^ . . - ^ 
(4.19) 
with the + or - sign for the two sides of the contact. In particular, we 
have on the z-axis 
φ (x=y=o,z) = + 
2 J2. 2' ' (4.20) /z +a 
This function has been drawn to indicate the bottom of the conduction band 
in figure 6. Again in zeroth order, the local potential y (r) is equal to 
V»»»»)»}»»»»y 
I 
1 
' " " " " " · fftitt« 
„•{«((с"""""""" v» 
Fig. 6 The conduction band of the electrons for Τ -»• 0 near a contact 
with radius a. The applied voltage over the contact yields the 
sketched Fermi levels E and the electrostatic potential energy 
ф(г) for r along the z-axis. 
24 
* r <£) (о) (г) + φ (s = -») , 
Ло) 
о к 
(4.21) 
•¿"'(г)) leading to a zeroth-order distribution function f w'(r) 
к 
for the elctrons. This f (r) is indicated for different positions r in 
figure 7. 
Fig. 7 The electronic distribution of the electrons m zeroth order 
according to the Sharvin picture at the orifice (a) and at 
positions near the orifice (b). The inelastic scattering proces­
ses, where the velocity directions of the electrons change from 
к to k', give a negative correction to the current. 
Using expression, (4.<1), the current through the orifice from equations 
(4.1) and (4.11) becomes 
Ι
( θ )
 = e
2 V D < 
kz 
(4.22) 
where D is the area of the orifice. Evaluating expression (4.22) for a 
quadratic dispersion relation for the electrons yields the expression for 
the Sharvin resistance, already given in the previous chapter for л circular 
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orifice 
pH is a material constant and is given by pi = nv /n e for a Drude model. 
R is energy independent and indicates an ohmic behaviour. 
In the evaluation of expression (4.22) selt-energy effects have been 
neglected. If the electronic density of states is not constant within an 
energy shell eV around the Fermi energy, the current I through the point 
contact becomes voltage dependent (non-ohmic behaviour). Self-energy ef­
fects, arising i.e. from the electron-phonon interaction, can lead to a 
non-linear current-voltage characteristic for a point-contact (Oraelyanchuk 
et al., 1977). By introducing an effective mass ιη*(ε) = m(l + λ (с) ) , a 
2 2 quadratic dispersion relation for tne energy с = fi к /2m* (ε) of an electron 
can be defined. The renormalisation parameter λ (ε), arising from the elec­
tron-phonon interaction, has been discussed in detail by Grimvall (1976),-
2 
λ is connected with the Eliashberg function α F through λ = λ(о) = 
2 
2 ƒ dm a F(ω)/ω. 
Taking into account this type of self-energy effects, the current m 
zeroth order takes the form 
eV 
Ι
( θ )
 -v. ƒ dk k 2 v, "v ƒ dk k 2(^) -v, ƒ de ε , (4.24) 
к dk о 
2 2 
where e = h к /2m is the electron energy without self-energy corrections. 
о 
Comparing the expressions for <_ and ε , we have (de /άε) = (m*/m) . 
o o e 
Differentiating expression (4.24) twice gives now tne contribution to the 
second derivative signal due to a change in the electronic density of states 
because of the electron-phonon interaction: 
• A -|- (—) . (4.25) 
F d t eV EF m eV 
A quantitative estimate of the non-linearity according to equation (4.25) 
gives a value ^ 0.2 V , which is only a few percent of the usually observed 
non-linearity in point-contact spectroscopy due to electron-phonon scat­
tering. Therefore, we neglect self-eiergy effects and assume the density of 
states of the electrons to be constant near the Fermi energy. 
1 dR _ 
R dV 
2 
о j 2 
dV 
e 
E, 
] 
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4.3 Solution in first order: backflow current 
The first order corrections for the current through a point contact 
are negative. This is due to the fact that the injected electrons can flow 
back through the orifice after an inelastic scattering with a target. This 
collision gives rise to an energy-dependent contribution to the current. 
For isotropic scattering processes, the all important result is found that 
the change in the resistance of a point contact is proportional to the 
energy-dependent scattering rate of the electrons. 
The first order terns of the electrostatic potential φ (r) and the 
local potential ψ (r) are obtained by using equations (4.4) and (4.17) 
* Г < £ ) = - Φ ( 1 ) < Ξ > - G k 0 ) ^ ( 4 · 2 6 ' 
ф
( 1 )(г) = - < G ' 0 ) (r) > / <1> . (4.27) 
- к - О о 
Here, in the spirit of the iterative procedure, the function G^ (r) is 
( ì ~" 
calculated using the zeroth order distribution function f : 
{ Ì f Ì 
G, (r) = G { f (ε. - ψ, (r) ) } . Again, as m the zeroth order case, 
* (il о к к -
φ (г) will not give a contribution to the current because the potential 
φ(r) is an even function of the electron velocity. It turns out that it is 
not necessary to calculate the electro-static potential explicitly as we 
could also have defined the local potential by f (r) = f (ε + ф(г) - ψ (r)), 
with the boundary condition ψ (ζ + <*>) = + eV/2, in order to get the same 
results without an explicit expression for ф(г). Using equations (4.1) and 
(4.2), the correction I (backflow current) to the total current is 
given by 
I ( 1 > = 2e ƒƒ dxdy Σ 
orifice к 
0 
Vkz 
χ ƒ ds Σ [rqç'.lOf^d - f¿0)) - r(lc,k')f][0,(l-f]¡?))]. 
-»к' - - - -
(4.28) 
The path s is a straight trajectory parallel to ν ending at the orifice 
(s = 0). In figure θ we have drawn some illustrative pathes, starting at 
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Fig. 8 Trajectories of the electrons starting far from the left (a) or 
right (b) side of the orifice and ending at the orifice (s=0). 
The pathlengthes in the shaded area of the figures contribute 
to the signal for inelastic scattering of the electrons from 
k' to k. 
the left side (figure 8a) and at the right side (figure 8b) of the orifice. 
Only the pathlengthes which lie in the shaded area of the figure can con-
tribute to the current. For both situations, the correction to the current 
is negative. It is now readily shown that the spatial integrations reduce 
to a weightfactor K(k,k') = ƒ ƒ dxdy kz ƒ ds which is the common volume 
of two cylinders constructed with the boundary line of the orifice and whose 
walls are parallel to v, and v, . . 
-к -k ' 
In figure 9 we show the inelastic scattering of an electron in the 
state k' to the state к in energy space near the Fermi surface for the 
temperature Τ •+ 0. In this low temperature limit, the sunmation over к and 
k' can be written as 
e. eV eV eV '1 
Σ Σ 
к к' 
= ƒ d
e
 ƒ dz « . 
O c . * 
. > > 
ε, ε, "к к' 
ƒ <3ε f dt « . 
0 0 
> > 
ε ε 
1 2 
(4.29) 
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Fig. 9 Single collision backflow process in energy space, where a phonon 
with energy (ε - ε ) is emitted spontaneously. 
Using these results for the energy and spatial integrations, the backflow 
current reduces to 
.(1) eV 1 2e ƒ dc, ƒ άε„ «Пк.к') К (k,k')> > . 
0 1 0 2 - - - - el ε2 
(4.30) 
The influence of the backflow current on the resistance of a point 
contact can now be evaluated. For small changes in the resistance (small 
compared with the resistance at zero voltage), the resistance change ΔΗ 
will be given by 
AR = R 2 e d I 
(1) 
o d(eV) · (4.31) 
For isotropic scattering we obtain 
eV 
AR = R 2 2e2 <<K(k,k,)> > f de Г(е ,е) Ν(ε) . 
- - о о
 0 
(4.32) 
Here, Ν(ε) = <1> /<1> is the normalized density of states. The relaxation 
e о 
time time τ for an electron with energy eV above the Fermi level is given 
by 
eV 
- (eV) = Σ Г(к,к·) = <1> ƒ άε Г(е ,г) Ν(ε) 
к- - -
 0
 0 
(4.33) 
which also defines the energy dependent relaxation rate Г(е ,е). Assuming 
that the density of states is constant for energies eV << Ε (Ν(eV) = 1), 
the resistance change of a point contact at low temperatures is directly 
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proportional to the scattering rate 
« K(k,k')> > 
2 2 " " 0 0 -1 ΔΚ = R 2e — τ (eV) . (4.34) 
О < 1 > 
О 
Using <<K(k,k,)> > /<1> = a /3 and <1> = m ν /π fi , the change in the 
- - o o o o F 
contact resistance given by expression (4.34) differs only 3.6% from the 
expression (3.6) for the resistance found by Wexler through an interpola­
tion between the Maxwell and Sharvin limit. The last equation shows the 
grand result of point-contact spectroscopy. A direct determination of the 
energy-dependent scattering rate of an electron is possible from the mea­
surement of the resistance of a point contact as a function of the applied 
voltage. This result can obviously be applied to arbitrary targets (equa­
tions (4.8), (4.32) and (4.34)). 
4.4 Application to the electron-phonon interaction 
In this section, the theory of point-contact spectroscopy will be ex­
plicitly applied to the electron-phonon interaction, starting from the 
general results of equations (4.28) and (4.30). A transport efficiency 
function is found for the electron-phonon interaction as measured in point-
contact experiments, very similar to the well-known efficiency function 
(1-соз ) in the dc-resistivity of bulk metals. Here, we will limit ourself 
to a thermalized phonon system at a temperature T=0; the consequences of 
non-equilibrium effects will be treated in the next section. It is neces­
sary to modify the solution of the point-contact problem slightly (van 
Gelder, 1978 and 1980) by taking into account the damping of the excited 
electrons in order to deal properly with multiple collision processes. 
The collision term for the electron-phonon interaction in the Boltzmann 
equation can be written as 
Эуг) 
at 
coll. к 
f"?, K k · ! 2 ! { fk' ( 1- fk ) ( Nq + 1 ) - fk ( 1- fk' ) Nq } 5< -Ек-,,Ш) 
+ {f
v
,(l-f
v
)N^ - ft(l-fvl) (N^+l)} б( е ,-ек+Гш) ] 
(4.35) 
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Here, G is the matrix element for the electron-phonon interaction, and 
f and N the Fermi-Dirac and Bose-Kinstein distribution respectively, 
with the phonon wave number given by q = |k -k'|. Using the collision 
term in the expression (4.28), one gets for tne backflow current in the 
limit T=0 (N =0) 
q 
V
-
z 0 2 
І
Ш
 = 2e ƒƒ dxdy Ζ -, 1 ƒ ds =£• Σ Ig, , , I 
orifice к ' к ' -00 к' 
x t f ^ d - f ^ ) 6(с
к
,-
С к
^ы, - f ^ )
 (i-f<°>) 6(е к,- Е к +Ь Ш)] 
(4.36) 
N
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With Σ = — ƒ de ƒ d η (where η = ν /|v |) the spatial integrations can be 
к 
written as 
V 0 , 1 ? ? 
ƒ ƒ dxdy -γ^χ ƒ ds ƒ d η' = — ƒ dr ƒ dr 1 / d n ' cos ν? δ(|ιρ-ν|-π) orifice к 
orifice 
(4.37) 
where φ and ψ' are the polar angles of к and k', respectively. The coor­
dinates r and r run over the orifice (see figure 10). Because of the 
change in the variables of equation (4.37), the transitions during a scat­
tering process are no longer restricted (i.e. ν ν < 0), and therefore 
the final result has to be multiplied by (b). For the spatial integration 
one gets 
ƒ dr, ƒ dr. , — , = Щ π σ a 3 , (4.38) 
2 
where тг a is equal to the area of the orifice, and σ = 1 if the shape is 
circular. Averaging over all possible crystalline directions with respect 
to the orifice gives the transport efficiency function η, depending on the 
scattering angle 0 = Οίη,η') in such a way that η(0) = < cos φ 6 ( \φ-φ ' \ -тг) > . 
2 ~2~ TT a V 
Realizing that / d n / d n ' ^ ƒ da/ dß sind sinß - ƒ dO Ξΐηθ (1-0/tgO) 
α+β=0<ΤΓ 0 
(see figure 10), one obtains the normalized efficieny function (van Gelder, 
1980) 
Л( ) = 's (1 - ^ g ) . (4.39) 
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Fig. 10 Integration variables used for the evaluation of the backflow 
current (see text). If η and n' vane in a fixed plane, one has 
2 2 π 
/ d n / d n ' ^ / da/ dg Sina sinß = ƒ d6 sinÖ (l-e/tg8). 
a+3 0<π 0 
The backflow current can now be written as 
(1) 4 e m VF 3 e V εΐ 2 
1
 -ι? -r^a ίάει í^^p'V ' 
η 0 0 
2 
m ν 
(4.40) 
where we have used N = <1> = — ζ — - , and the expression for the electron-
o о 2
Ь
 3 
2 T h phonon interaction function α F (ε) for the point contact situation 
a
2F (e) = -—• ƒ d 2n ƒ d 2 ^ Ig , Ι2 η (θ (η,η') ) 6(ε-Λω ,) . (4.41) 
ρ
 3 2 π 2 
In the usual transport theory for the dc-resistivity of bulk metals, one 
has a similar expression for the electron-phonon interaction with the well 
known transport-efficiency function (1 - οοβθίη,η')) 
N 
а
Л г < е ) = 2 
32π 
ƒ d^n ƒ d 2 ^ Ig ,\Z ( l - c o s e t n . n · ) ) δ(ε-Λω .) . (4.42) 1
 nn
 — —
 r
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2 2 Measurements of the second derivative d I/dV for a metallic point 
2 
contact yield a direct determination of the function α F 
32 
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,2^ e m ν d l 4 F 3 2 
7T= ^ т г - а a F p ( e V ) · (4·43> 
αν η ^ 
For the logarithmic derivative of the resistance we obtain for R ^ R 
о 
1 dR 16 e a 2 , , 
I^ =-h^ a Fp ( e V ) · ( 4· 4 4> 
It is of some interest to study the qualitative difference between 
2 2 
the behaviour of the functions α F (no efficiency), α Γ efficiency (l-cos9)) 
2 t r 
and α F (efficiency ^( )) at low frequencies, where the wave vector q of a 
phonon can be taken as proportional to the frequency ω, for normal and 
umklapp scattering. For the analysis, we consider a metal with a minimal 
separation between the spheres in a repeated zone scheme equal to the wave 
vector q . For the usual normal processes, the different parameters in the 
0
 2 
function α F have the following low-frequency dependence: angular integra-
2 2 2 2 
tions / d n / d n ' ^ ƒ qdq "V» ω , squared matrix element |g | Ό q л, и, and 
2 2 2^ 2 
the efficiency functions (1- cos9) 'ь q ^ ω and η(0) 'ν q ^ ω . Therefore, 
2 in the case of normal processes no difference is expected between α F and 
2 t r 
α F in the low-frequency behaviour. For umklapp scattering however, the 
Ρ 2 2 2 3 
angular integrations yield ƒ d η ƒ d n' 'X» ƒ (q-q ) q dq ъ f q dq ^ ω ; q 
is the minimal wave vector for the occurrence of an umklapp process. For 
wave vectors above the minimal value q , the transport efficiencies behave 
0
 -h -h 
differently: (1-сов ) ^  const., and h{l - 9/tg9) ^  q ^ ω . In table I we 
have summarized the obtained results for the low-frequency behaviour of the 
2 2 2 functions α F, α F^ and α F . 
tr ρ Table I : Low frequency behaviour of the electron-phonon interaction para-
2 2 2 
meters α F, α F and α F , which differ in the transport effi-
tr ρ 
ciency, for metals with a spherical Fermi surface. 
transport efficiency 
normal processes 
umklapp processes 
a
2 F 
-
ω
2 
ω
3 
«Чг 
(l-cos9) 
4 
ω 
3 
ω 
Ρ 
»íd-e/tgO) 
4 
ω 
5/2 
ω 
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In a careful analysis of the theory of the point-contact problem van 
Gelder (1978 and 1980) has found that the simple solutions given in Lne 
preceding section lead to divergencies if the next order approximation, i.e. 
multiple phonon processes (figure 5c) are considered. It is possiDle to 
overcome these divergence problems by taking into account a damping of the 
excited electrons along their trajectories. The zeroth order solution of 
the electron distribution (given in figure 7) is now exponentially damped 
along the path s of the electron, starting from the orifice, such that 
(o) -s/k 
f = f (t - ψ (r)) e , where s is the path length of the electron as 
measured fron the orifice and S. the average mean free path along the tra­
jectory. In zeroth order this damped solution gives exactly the Sharvin 
current, because the damping is symmetric with respect to the orifice at 
the (z=0)-plane. In first order a damping factor has to be added to the 
expression for the signal as given by equation (4.44). For point contacts 
with large Knudsen numbers (K = J¡,/a >> 1), the damping can be neglected 
because in the calculations of the backflow current the exponential factor 
-s/î. 
e is close to one(s ^ a). For doable collision batkflow processes the 
solution of the problem is no longer divergent, and van Gelder (1978) has 
found the relevant geometrical factor for the backflow current to be of 
4 
the order of a ln(a/£). The relative strength of the double-phonon signal 
compared to single-phonon collisions is reduced by a factor K=£/a in the 
limit of large Knudsen numbers к > > 1. In figure 11 we have drawn the 
double phonon process in energy-space, resulting in a backflow current 
ф777777777Л7Я77777777777777 77.* 
phonons 
Fig. 11 Double collision backflow process in energy space, where two 
phonons with energy (c -ε ) and (ε_-ε ) are emitted spontaneously. 
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eV eV eV (2) 2 2 
I = A ƒ dc ƒ dc ƒ de α Ρ(ε -ε ) α F(e -ε ) (4.45) 
Ο ε 3 ε 2 
4 
where А ъ О(а Ín(а/Л)) is the geometrical factor. For the second derivative 
one finds 
d 2 I ( 2 ) e V 2 2 
— ъ f dc a F(L) a F(eV-c) (4.46) 
dV 0 
This result yields a contribution to the signal at twice the relevant 
phonon frequencies. 
4.5 Background signal 
Although no equilibnum-phonons should be present for energies above 
the Debile energy Ηω , the measured signal of the point-contact spectrum 
does not reduce to zero for high applied voltages (eV > ha) ) . The signal 
which can be related to the electron-phonon interaction a F and has been 
Ρ 
discussed in the previous sections, is thought to be superimposed on a 
smooth background signal. The experiments show that this background signal 
seems to saturate at a constant level above the Debile energy. It should be 
noted that the multiple phonon collisions, discussed in section 4.4 (see 
equation 4.46), give rise to a signal for energies eV above the Debije 
frequency. However, it was shown theoretically and experimentally (van 
Gelder et al., 197Θ) that these processes lead to small signals and can 
certainly not explain the observed background entirely. Very recently 
(van Gelder et al., 1978 and van Gelder,1980) a detailed explanation for 
the background signal was given by taking into account the non-equilibrium 
distribution of the phonon system. The phonon-emission processes of the 
injected electrons yield a non-thermalized phonon system near the orifice 
leading to additional backflow currents arising from stimulated emission 
and absorption of phonons. The problem is now to determine the non-therma-
lized distribution of the phonons which has to be included in the equation 
(4.40) leading to the signal. One finds as a result a background signal, 
which saturates above the Debije energy. In addition, van Gelder (1980) 
has also considered processes involving phonon drag effects as a possible 
explanation of the observed signals at low voltages, and also direct elec-
35 
tron-electron scattering which gives a signal linear in the applied 
voltage. 
For a determination of the phonon distribution we have to consider 
the transport equation for the phonons resulting from the electronic dis­
tribution given in figure 7 which allows spontaneous emission of phonons. 
This transport equation is obtained by equalizing the drift and collision 
term in the Boltzmann equation for the phonons. As usual, the collision 
term contains a gam and a loss term; the gain term originates from the 
spontaneous emission of phonons during the decay of the accelerated elec­
trons near the contact, and the loss term describes the production of 
electron-hole pairs by the phonons. Giving the explicit form of the col­
lision term, the transport equation of the phonons reads 
" 3 
3N (r) 3N (r) q - q -
3r 3 t 
с 
3 
coll. 
ε Ι (ε) { Y(£>[1-Y(£)J (ev-e) - ε N (r)} (4.47) 
Here q, с and ε = hu are respectively the wave vector, velocity and ener­
gy of a phonon. ί (ε) is the energy-dependent mean free path of a phonon, 
and Y(r) the solid angle under which the orifice is seen from the point r. 
The expression for the collision term can be understood in the following way. 
The phase-space restrictions with respect to the energy for the gain and 
loss term, are contained in the second factor between brackets on the right 
of equation (4.47). For an electron-hole pair creation by a phonon (loss 
term), the energetic phase-space is equal to the energy ε of the phonon, 
and the rate for these processes is proportional to ε N (r). For a spon-
9 ~ 
taneous emission of a phonon (gain term), the production rate is propor­
tional to the product of the phase-space (eV - ε) and the geometrical 
factor Y(r)[ 1 - Y(r)] ; the kinematic constraints are contained in the first 
factor on the right. The loss term is given in the relaxation time approxi­
mation by Ν (r)/T (ε) = (с /ε l (ε)) ε Ν (Г). 
q - ρ 3 Ρ 9 " 
By introducing the path variable s for the trajectory of a phonon with 
a wave vector g, the phonon transport equation can be solved and leads to 
the non-equilibrium phonon distribution function 
eV F 1 0 ~ s / l ( t ) 
N (r) = — — j-r-r f ds γ(3)[ 1 -γ(s)] e p , (4.48) 
9 ρ -CO 
36 
where the path s starts far from the orifice (з=-ш) and terminates at the 
position r (s=0) near the orifice. Assuming that we are in the Knudsen 
regime for the phonon mean free path (К (c) 
Ρ 
ί (ε)/a » 1) we can ignore 
the damping term in the integral. For different directions of q the number 
of phonons present at the orifice (r=0) can then be determined to be 
N (0) 
q 
eV-ε 1 
Ι (ε) 
P 
(1/4) a for q II orifice 
(TT/8) a for q 1 orifice (4.49) 
As an average over all q-directions, we take the numerical factor to be 
0.32 = 1/2(1/4+7/8) for N(C,eV) = < N (0) > . Using this non-equilibrium 
distribution N(b,V), we find the contribution to the single collision back-
flow current by supplementing a factor (1 + N(i ,V)) to expression (4.40). 
In figure 12 we have given the various diagrams in energy space for the dif­
ferent collisions which have to be taken into account. Figures 12a and 12b 
indicate the spontaneous and stimulated emission and the stimulated absorp­
tion processes, and figures 12c and 12d give the excitation of an electron 
by a phonon from below to above the Fermi level. Adding up these contribu­
tions, we obtain for the single collision backflow current, with non-equi-
bnum phonons present 
phonon j 
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Fig. 12 Diagrams in energy space for the various contributions to the 
signal (including background). spontaneous and stimulated emis-
sion of a phonon (a), stimulated absorption process (b), exci-
tation of an electron from below to above the Fermi level by 
a phonon (c and d). 
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І
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Differentiating twice on gets an expression for the logarithmic voltage 
derivative of the resistance 
2 
ïïf-fH I «2yeV>+e;de^r^Gl<e>
 +
α
2
Ρ (OG.Íb, ] 
F 0 
(4.51) 
with G, (e) = 1.28 К _ (e) and G„(e) = 0.64 к" (e). As it can be seen from 
p
 ι IR P 
equation (4.51), the signal — -—г saturates to a constant level for applied 
voltages above the Debile energy. Furthermore, the ratio of the background 
(second and third term) to signal (first term) is of the order a in R 
о 
The solution of the Boltzmann equation for phonons leading to equation 
(4.50) holds for a random generation of phonons with no kinematic constraints, 
i.e. no explicit q-dependence in N . If kinematic constraints are taken into 
account the expression (4.51) for the signal formally still holds, but the 
functions G (ε) and G (e) contain a weighted q-dependence. An explicit so­
lution of this problem is rather complicated. An excess backflow of holes 
would lead to a negative signal in the second-derivative spectra, which is 
sometimes observed experimentally around ¿ero voltage. In addition, at low 
frequencies, where normal scattering prevails, the phonon generation can 
be peaked in the forward direction, and therefore phonon-drag effects 
would yield to a backflow of holes through the orifice, for higher frequen-
cies umklapp scattering randomizes the phonon generation and phonon drag 
is less probable. This, too, would explain the negative signals observed 
in certain point contacts around zero voltage. 
Direct electron-electron interaction, where the collision of two 
electrons creates an electron-hole, gives a contribution to the signal 
1 dR 
which is linear in the applied voltage as the scattering rate for 
R dV 
electron-electron scattering is quadratic in energy. However, if energy 
and monentum conservation is taken into account this contribution to the 
signal vanishes. Only if momentum conservation is broken up (for instance 
by impurities), it is possible to have random directions of the electrons, 
and electron-electron collisions could contribute a linear term to the signal. 
J8 
5 Experimental techniques 
5.1 Point-contact fabrication 
Two types of point contacts have been investigated in the past, namely 
shorted-thin-film and pressure-typo point contacts. The pioneering first 
point-contact experiments were performed by Yanson (1974a), using tunnel-
]unction geometries. Ьыпд conventional evaporation techniques, a sandwich 
of two films of the mptal of interest, separated by an oxide layer (figure 
13), is produced. Accidentally or intentionally a point contact is produced 
mttal film 
dielectric layer 
melai dim 
Fig. 13 Schematic view of a metal-msulator-metal tunnel junction with 
a short circuit between the two metal films 
in the oxide layer by an electric break-down tnus connecting the two rretal 
films by a metallic short-circuit. In later experiments (Yanson and Shalov, 
1976), a sharply-pointed steel needle was pressed onto the surface of the 
junction, providing a crack in the dielectric layer and so forming a contact. 
Pressure-type contacts are much simpler to control, they have bpen 
used for the first time for point-contact spectroscopy by Jansen et al. 
(1976). Λ sharply etched metal wi^e ("spear") is carefully pressed against 
a flat metal surface ("anvil") to form the contact. The spear is fabricated 
by electrolytically etching a wire (50-100 Um 0) to a tip with a curvature 
radius of ^  1 μ·η, as is well known from whisker technology (Dozier and 
Rodgers, 1964). Togetier with the chemically cleaned anvil t-\e spear is 
then mounted in a system with a differential screw-mechanism which allows 
to adjust a contact while immersed in liquid helium (see figure 14). The 
total pitch of the differential screw is of the order of ^  20 pm. In order 
to increase mechanical stability, often a spring is bended into the wire 
forming the spear. 
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Fig. 14 Schematic view of a 
pressure-type point con­
tact. By means of a dif­
ferential screw mechanism 
the spear can be moved 
towards the anvil in order 
to adjust a contact. 
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Pressure-type point contacts allow the investigation of a large variety 
of samples, including studies of amsotropies on single crystals. It is 
possible to obtain stable spear-anvil contacts with resistance values up 
to ^ 50 Ω. Thin film structures have the advantage of higher mechanical 
stability with usable contacts of up to "V/ 500 Ω. This limit is given by the 
fact that the contact diameter, calculated with expression (3.5), becomes 
comparable to the de Broglia wavelength (^  5 A ) , where a quantum-mechanical 
approach of the problem is necessary. 
5.2 Electronics for recording derivatives 
2 2 
The technique for recording derivatives (dV/dl and d V/dl ) in point-
contact spectroscopy is the same as in experiments with superconducting 
tunnel junctions (McMillan and Powell, 1969) which makes use of modulation 
methods. On top of the bias current, which is swept in order to vary the 
applied voltage, a small ас-current is superimposed. The ас-voltage over 
the contact is measured by phase-sensitive detection at the fundamental 
40 
frequency (If-mode) and at twice the fundamental frequency (2f-mode) of the 
modulator to obtain signals which are proportional to the first and second 
current-derivative of the voltage. As the change m the resistance of the 
point contacts is usually only a few percent over the whole investigated 
voltage range, a bridge circuit can be used for the ac-signal to compen­
sate the differential resistance in such a way that only changes of the 
resistance will be seen by the lock-in amplifiers. In figure 15 a typical 
block diagram is given for the bridge circuit, with current supply's and 
U currirt . . 
iippl* "b "к "contact 
500 Hz 
Fig. 15a Block diagram for the phase-sensitive detection of first (dV/dl) 
2 2 
and second (d V/dl ) derivatives as a function of the applied 
voltage for a point contact at liquid helium temperatures. In 
the bridge circuit the point-contact resistance R ^ is 
^ contact 
balanced by R . The dashed parts in the block scheme are not 
χ 
essential for the measuring method. 
amplifiers, as used in our laboratory (see also Adler and Jackson, 1966). 
By setting the resistance R equal to the point-contact resistance, the 
bridge is balanced for ac-signals. The output of the bridge goes to the 
two lock-in amplifiers to measure the first and second derivative simul­
taneously. To avoid subharmonic response at the phase-sensitive detector, a 
41 
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Fig. 15b Details of the main parts of the home-build electronic set-up : 
dc-current supply, ас-current modulator and bridge circuit. The 
numbers refer to commercially available operational amplifiers 
(Analog Devices and Texas Instruments). 
notch filter is used before the 2f-mode lock-in. In addition, a transformer 
can give a better impedance natch to the amplifiers. From the measured con­
tact-resistance R and the signal V in the lf-mode, both measured at zero 
bias-voltage, absolute values for the second derivative d V/dl " can be 
obtained from the signal V in the 2f-mode: 
ή=^ν24 · (5.1) 
di2 S? 2 4 
In addition to the intrinsic line width of the spectra, the resolution 
in the experiment will be determined by the amplitude of the applied ac-
42 
voltage V and the bath temperature T. For an ас-voltage with an effective 
value V , the instrumental linewidth is given by 1.72 V (Klein et al., 
1973). As will be discussed in paragraph 7, the thermal broadening in metal-
metal point-contact spectroscopy is the same as in tunneling experiments 
with normal-metal films where Lambe and Jaklevic (1968) have shown that 
the thermal linewidth is equal to 5.4 к T. Therefore, the temperature of a 
pumped helium bath (T = 1.5K) yields a linewidth equal to 700 pV. This value 
gives an indication for the modulation voltage to be used which is acceptable 
without averaging the relevant signal instrumentally. 
6 Experimental results 
In this paragraph we will discuss the experimentally obtained point-
contact spectra. The first part treats the observed structure in the mea­
sured second-derivative spectra which, according to the expressions (4.43) 
and (4.44), can be related directly to the electron-phonon interaction 
2 
function α F . The point-contact method has been applied to both supercon­
ducting and normal metals. Therefore, it is of considerable interest to 
2 
compare α F , as obtained from point-contact spectroscopy while the metal is 
P
 2 
m the normal state, with a. F, as obtained from superconducting tunneling 
spectroscopy using the Rowell-McMillan inversion scheme. Obviously, point-
contact spectra of normal metals, which do not become superconductors, are 
particularly important as they give for the first time detailed experimental 
2 
information about the energy dependent function α F in normal metals, almost 
inaccessible otherwise. The experimentally determined point-contact spectra 
will be compared with neutron-scattering experiments, which measure the 
phonon density of states F(ω). If theoretical band structure calculation 
2 
of α F are available, they too can be checked against the point-contact 
spectra. The all important mass-enhancement parameter λ, characterizing 
the electron-phonon interaction for a given iietal, can be extracted in a 
straight-forward way from the point-contact data and will be compared with 
values deduced from other methods or theories. In the second part of this 
paragraph, the experimentally observed smooth background signal will be 
studied in some detail. In particular, a phenomenological analysis to sepa-
2 
rate the α F-signal from this background will be given . 
Figure 16 gives an example of a measured spectrum of a Pb micro-contact 
in the normal state as performed by Yanson (1974a) in his all important 
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Fig. 16 Measured dR/dV point-contact spectrum of a lead mcro-contact in 
a tunnel junction (after Yanson, 1974a). Resistance R = 314 Ω; 
temperature Τ = 2.0 К. The phonon density of states F(ω) 
2 (Stedman et al., 1967) and the Eliashberg function α F(ω) (Rowell 
et al., 1973) are shown in the bottom part. The dashed line in the 
2 
top part is the thermal average of the function α F(ω) due to 
the bath temperature Τ = 2.0 К. 
pioneering work, using the shorted-thin-film technique where the current-
voltage characteristics of metallic micro-contacts in the oxide layer of a 
tunnel junction are studied. The usual voltage derivative of the resistance 
has been plotted as a function of the voltage applied over the point contact. 
The transverse and longitudinal phonon peaks are clearly visible at respec­
tively 5 and Θ.5 mV. In the bottom part of figure 16 we have drawn for a 
comparison the phonon density of states F(to) (Stedman et al., 1967) and 
2 
the Eliashberg function α F(ω) as obtained from superconducting tunneling 
2 
spectroscopy (Rowell et al., 1973). This α F-function has been repeated in 
the top part of figure 16 again, after averaging with a thermal weight func­
tion with line width 5.4 к Τ (see paragraph 7) in order to make possible a 
В 
direct comparison with the point-contact spectrum. Note that above the Debije 
dV (arbilrarj unils] 
44 
energy a snail background signal can be observed. The point-contact spectrum 
is very similar to the smeared Eliashberg function. Small differences are 
2 
probably due to the transport efficiency function η(θ) in the α F -signal 
Ρ 
which is most effective at low frequencies. Using short-circuits in tunnel 
junctions, the electron-phonon interaction has also been measured in other 
superconductors, like Sn (Yanson, 1974a) and In (Yanson, 1974b) and has 
been compared successfully with tunneling spectroscopy. 
The use of pressure-type point contacts (Jansen et al., 1976) in­
creased the applicability of the spectroscopic method to a large variety 
of samples, including single crystals. In figure 17 we have shown the 
2 2 
measured second-derivatives d V/dl of spear-anvil contacts of the noble 
metals Cu, Ag and Au (Jansen et al., 1977). In the same figure are also 
plotted the corresponding phonon densities of states F(ω) obtained from 
inelastic neutron scattering (Lynn et al., 1973). Similar results for the 
noble metals were obtained by electric breakdown of the metal-oxide-metal 
geometry (Yanson and Shalov, 1976; Shalov and Yanson, 1977). All these mea­
sured curves show that for the noble metals the electrons are less strongly 
coupled to the longitudinal phonons than to the transverse phonons. Das 
(1973) has shown in a theoretical analysis that the d-band character of the 
noble metals is important for the electron-phonon interaction. Taking into 
account the hybridization of the s- and d-band electrons the matrix element 
for the electron-phonon interaction is calculated and it is found that the 
electrons are strongly coupled to the transverse phonons via umklapp scat­
tering. As is shown by the singularity for 9=4 in the efficiency function 
η(θ), unklapp scattering is particularly important in the point-contact 
2 
spectra leading to a F . This idea was confirmed in experiments with real 
Ρ 
d-metals. In the point-contact spectra of Fe, Co and Ni (Verkin et al., 
1979) it can also be seen that the transverse phonons couple stronger 
with the electrons than the longitudinal phonons do (see paragraph 8). In 
the case of Zn and Cd point contacts, consisting of film structures, however 
no strong energy dependence was observed in the coupling between the electrons 
and the phonons (Yanson, 1977). 
As there exist detailed calculations for the electron-phonon interaction 
based on pseudo-potential theory for the alkali metals, point-contact spectra 
of these metals are particularly significant. Experiments of K, Na and Li 
have been performed at low temperatures (Jansen et al., 1980a). In figure 18 
we have plotted the point-contact spectra for К and Na, and in figure 19 for 
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Fig. 17 2 2 
Measured d V/dl spectra of point contacts of the noble metals. 
Copper contact (a) with resistance R = 3.3 Ω and at temperature 
Τ = 1.5 К; silver contact (b) with R = 16.3 Ω and at Τ = 1.2 К; 
о 
gold contact (с) with R = 3.3 Ω and at Τ = 1.2 К. The broken 
о 
curves give the phonon densities of states F(ω) obtained from 
neutron-scattering experiments (Lynn et al., 1973). 
Li. In the same figures the phonon densities of states F(ω), obtained from 
neutron-scattering experiments are also given. (Cowley et al., 1966; Gilat 
and Raubenheimer, 1968; Smith et al., 1968). The measured spectra for К 
and Na look very similar. Äs expected for metals where normal scattering is 
important, we observe a stronger coupling for the longitudinal phonons than 
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Measured d V/dl ' spectra for point contacts of potassium (left) 
and sodium (right). К point contact with resistance R = 2.9 Ω 
о 
and at temperature Τ = 1.2 К; Na point contact with R = 1.1 Ω 
о 
and at Τ = 1.5 К. The dashed curves are the theoretically obtained 
2 
α F-functions (Carbotte and Dynes, 1968). The bottom figures give 
the phonon density of states from neutron-scattering experiments 
(Cowley et al., 1966; Gilat and Raubenheimer, 1968). 
for the transverse ones. However, for Li it is again seen that the coupling 
with the transverse phonons is stronger, just as m the case of the noble 
metals. It has been pointed out in the literature (Damno et al. , 1978) that 
the Li metal reveals non-alkali behaviour with much more umklapp scattering 
than the otncr alkali metals and this could explain the stronger coupling 
with the transverse phonons. In the figures for the alkali metals, we have 
2 
also given the theoretically calculated functions α F(ω) (Carbotte and 
Dynes, 1968; Hayman and Carbotte, 1971). The theory is confirmed in a remar­
kable way by the point-contact experiments. It should be noted that Na and 
Li have a nartensitic phase transition (for Na at 40 К and for Li at 80 K) 
wmch could give a slight difference in the spectra measured at 1.5 K, 
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Measured d V/dl 
spectrum for a lithium 
point contact. Resis­
tance R =25.4 and 
о 
temperature Τ = 1.5 К. 
The dashed curve is 
the theoretically ob-
2 
tamed α F-function 
(Hayman and Carbotte, 
1971). The bottom 
figure gives the phonon 
density of states 
from neutron-scattering 
experiments (Smith et 
al., 1968). 
compared with the bcc-structure of the alkali metals above the transition 
temperature used for the theoretical calculations. Note the signal in the 
spectrum of Na in figure 18 at twice the phonon frequencies, which is due 
to double phonon processes as has been observed and explained for Au before 
(van Gelder et al., 1978). In table II we have summarized the point-contact 
experiments for the metals which have been investigated most extensively 
for the determination of the electron-phonon interaction. In principle, 
point-contact spectroscopy can be applied to every metal by means of a short 
circuit in a tunneljunction or a pressure contact in a spear-anvil geometry 
as long as the dimensions of the contact are comparable with the mean free 
path of the electrons. For instance, in our laboratory we have observed 
phonon structure in the point-contact spectra of Al, W, Pd, Pt and Mg. 
By pressing together two different metals, the behaviour of a dissi­
milar point contact can be investigated. It has been shown experimentally 
for a Au-Cu junction (Jansen et al., 1977) that both parts of the contact 
give a contribution to the signal for both negative and positive voltages. 
As is obvious from figure 8, where it is illustrated that scattering pro­
cesses at both sides of the contact contribute to the current, the additi-
vity of the signals from the two metals is expected. An example of a sandwich 
junction with a Au-Mg contact is given in figure 20. 
(l2V/dI2|103V/A2) a2FMIdmiciisionless) F i g . 19 
10 60 
voltage (mV) 
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Table II The electron-phonon interaction has been studied in the fol­
lowing raetals by means of point contacts (short-circuit in a 
tunnel junction or spear-anvil contact). 
metal short-circuit pressure-type reference 
Pb,Sn 
In 
Cu 
Ag, Au 
Cu,Ag,Au 
Zn, Cd 
Fe,Co,Ni 
К,Na,Li 
χ 
χ 
χ 
χ 
χ 
Yanson, 1974a 
Yanson, 1974b 
Yanson and Shalov,1976 
Shalov and Yanson,1977 
Jansen et al., 1977 
Yanson, 1977 
Verkin et al., 1979 
Jansen et al., 1980a 
30 CO 
voltage (mV) 
2 2 Fig. 20 Measured d V/dl spectrum of a dissimilar point contact of a 
Au spear against a Mg anvil. Resistance R = 9.9 Ω and temperature 
Τ = 1.5 К. The phonon densities of states for Au (short-dashed 
curve) and for Mg (long-dashed curve) have been obtained from 
neutron-scattering experiments (Lynn et al., 1973; Young and 
Koppel, 1964). 
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Pressure-type point contacts allow the investigation of single crystals 
to look for anisotropy effects. Ooviously, care has to be taken that spear 
and anvil have the same crystal direction at the point contact. Yanson and 
Batrak (1978) have measured point-contact spectra for various orientations 
of a Zn crystal, which due to its hexagonal structure is expected to show 
amsotropies. In figure 21 we show tie point-contact spectra for two dif­
ferent directions, where both, the spear and anvil, consisted of properly 
aligned single crystals. 
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Fig. 21 Measured d V/dl spectra for 
Zn point contacts along the 
indicated crystalline direc-
tions (after Yanson and Batrak, 
1978) to show anisotropy effects 
in point-contact spectroscopy. 
20 30 
voltage (mV) 
The experimental curves show that the phonon structures at Q and 14 mV have 
a different strength for two perpendicular directions. This observation is 
in accordance with theoretical calculations of the anisotropy in the func-
2 
tion α F(io) for Zn (Truant and Carbotte, 197J) . Аь expected, for a cubic 
metal, such as Cu, the anisotropy effect is very small. It should be noted 
that the anisotropy is smeared out due to the cosine-dependence of tne in­
jected Sharvin current through the contact (v = 'v ' COSY) 
kz к ' 
The preceeding discussion of the results of point-contact experiments 
has been mainly qualitative in a sense that only the relative energy depen­
dence of the electron-phonon interaction has been discussed, and not its 
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absolute strength. However, using the expressions (4.23) and (4.44) and the 
2 2 
measured values of the resistance R and the second derivative d V/dl = 
0
 2 
R (dR/dV) of the contact investigated, the function α F can be determined 
Ρ 
in an absolute way. It is hence possible to get directly the mass-enhance­
ment parameter λ = 7 dui a F (ω) /ω, which renormalizes the mass of an elec­
tron for the interactions with the phonon system (m* = m(l + λ)), from mea­
sured point contact spectra. Van Gelder (1980) has shown that the functions 
2 2 2 
α F, α F and α F yield the same values for λ, if the squared matrix ele-
P
 2 tr 
ment |g , I in the expressions (4.41) and (4.42) can be assuned to be pro­
portional to the phonon frequency ω. Because this sum-rule argument for the 
2 
various α F-functions with their different transport-efficiencies, it is 
possible to compare the renormalization parameter λ, obtained by means of 
point-contact experiments with values obtained by other methods. Gnmvall 
(1976) has given a careful literature survey of theoretically and experimen­
tally determined values for the parameter λ. The theories involve pseudo-
potential calculations, and the experimental determinations make use of 
tunneling spectroscopy and the McMillan equation (relation between Τ and 
λ) for superconducting materials, or the electrical resistivity and the 
electronic heat capacity in the limit of high temperatures. 
2 
In order to calculate the renormalization parameter λ the α F -part 
m the measured spectra has to be separated from the smooth background 
signal. In figure 22 point-contact spectra of Au are given for several dif­
ferent contacts. As is clear from the figure, the background signal does 
not have a uniform voltage dependence for all spectra. The spectra with 
relatively the lowest background are practically constant above the Debije 
2 
energy, and therefore are more suitable for a separation in a α F -signal 
and a background signal. For this type of the spectra (relatively low 
background) we assume that the signal (l/R)dR/dV can be written as a linear 
combination of two functions A(V) and В(V) 
кШ
= p A(v) + q в( )
' ^
-1
' 
where A(V) and B(V) represent the energy-dependent functions for respec-
2 
tively the α F -signal and the background signal, ρ and q contain the energy-
independent factors according to equation (4.47) and contain the linear di-
2 
mension a of the orifice in such a way that ρ Œ a and q ^ a . According to 
-2 -h 
the expression for the Sharvin resistance (R Œ a ) we have ρ = R and 
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2 2 
Fig. 22 Measured d V/dl spectra 
for different gold point 
contacts (pressure type) 
with resistances 
R = 2.4 Ω (a) , 0.7 Ω (6) , 
о 
0.4 Ω (с) and 0.15 Ω 
(b), at a temperature 
Τ = 1.2 К. 
q Œ R - . in figure 2 3 the measured signals at 17.5 mV (transverse phonon 
peak.) and at 35 mV (background) are plotted for different resistances of Cu 
point contacts. The data are given on a double log-scale, and we expect res-
pectively a slope of (-%) and of (-1). To be consistent, the signals at the 
transverse phonon peak have to be corrected for the smooth background signal; 
using a linear interpolation for the background between low voltages and the 
Debije voltage, one gets corrected signal values at 17.5 mV (shown as the 
open circles in figure 23). It is possible to explain deviations from the 
lines with slope (-b) and (-1) in figure 23 by introducing as additional 
parameters a transfer probability t and the number m of possible parallel 
contacts (van Gelder, 1978; van Gelder et al., 197Θ). The transfer probability 
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Fig. 23 Measured signal values (1/R) dR/dV for different copper point 
contacts at applied voltages 17.5 raV (transverse phonon peak) 
and 35 mV (Debile energy) as a function of the contact resistance 
plotted on a double log-scale. From the data at 17.5 mV the 
background signal has been subtracted (open circles) using a 
linear interpolation for the background function. According to 
theory, the straight lines with slope -'s and -1 are expected for 
respectively the bottom and top figure. 
t accounts for oxides and impurities in the contact region which influence 
the amount of particle transfer through the orifice, while m allows the 
possibility that a point contact is formed by m parallel current paths. Here, 
one can assume that the parallel contacts are roughly equal in size, because 
for large variations in the contact sizes, only the largest contact would 
be important. For a transfer probability t and a number of contacts m the 
Sharvm current gets an extra factor tm, and the single collision backflow 
2 
current a factor t m (a factor t for each passage). As the final result we 
find ν = R t m and q Œ R~ m~ . Therefore, due to an oxidized or dirty 
о о 
contact (t < 1) or due to multiple contacts (m > 1), the signal values 
always decrease. This confirms experimental observations, that the second-
2 
derivative signal (related to α F ) of great many different point contacts 
Ρ 
made with one and the same material always seem to have an upper limit which 
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-1/2 
obeys the R -law. The result in figure 23 shows that the spread m the 
data for the background signal is larger than for the α F -signal. There­
fore, it may be possible that the Knudsen limit is not fully reached for 
the phonon mean free path. This conclusion is supported by the fact that 
often the background still increases above the Debije energy. Several pro­
cedures have been suggested in the literature in order to obtain the 
2 
α F -signal from the measured second-derivative curve with background signal; 
it has been proposed ad hoc to subtract the background m the form of a 
hyperbolic tangent (Jansen et al., 1977), to use the measured spectrum that 
showed no phonon structure (Yanson, 1977) or to interpolate linearly be­
tween zero and the Debije voltage (Jansen et al., 1980a). Taking into ac­
count these considerations, and using the upper limit of the observed 
signal values in the point-contact spectra, the mass-enhancement parameters 
λ has been estimated for several normal metals. These values for t are 
given in table III, together with values from the literature as recomnended 
by Gnmvall (1976). The agreement is rather good. As an amusing side-step, 
2 
Table III Renormalization parameters λ = ƒ dto α F (ω) /ω obtained from 
point-contact experiments (λ ) and other methods recommended by Gnmvall 
(1976) (λ ). The critical temperatures Τ for superconductivity of the normal 
G с 
metals are predicted by the McMillan equation using the λ -values and μ*=0.10. 
metal 
Cu 
Ag 
Au 
Cd 
Zn 
к 
Na 
Li 
0. 
0. 
0. 
0. 
0. 
0. 
λ 
Ρ 
.15 + 0.02 
0.15 
0.16 
13 + 0.02 
.13 + 0.02 
,13 + 0.03 
,10 + 0.03 
,45 + 0.20 
0.14 
0.10 
0. 14 
0.40 
0.42 
0.13 
0. 16 
0.41 
AG 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
0.03 
0.04 
0.05 
0.05 
0.05 
0.03 
0.04 
0.15 
Τ (К) 
с 
4 
3 
4 
3 
io" 1 1 
io" 1 1 
ΙΟ"
9 
io" 2 2 
-
2 
reference 
see text 
Jansen et al., 
idem 
Yanson, 1977 
idem 
Jansen et al., 
idem 
idem 
1977 
1980a 
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we have also given for the normal metals the predicted critical temperature 
Τ for superconductivity, obtained from the McMillan ( 1968)-equation 
Q 
D . -1.04(1+λ) , 
T
c = T7Ï5exp[ X-V*-0.6¿>v*] ' (б-2) 
where 0 is the Debije temperature and μ*=0.10 the Coulomb pseudo-potential. 
The critical temperature for Li suggests that probably the parameter λ 
siould bo smaller. Nevertheless, due to the well known comments on the 
McMillan equation, these predictions for Τ should not be taken too serious­
ly· 
In principle it should be possible to separate the phonon signal from 
the background, using the ireasured spectra of several contacts only and 
naking no use of any interpolation procedure (van Gelder et al., 1980b). We 
will illustrate this analysis with the spectra for Cu given in figure 24. All 
these measured derivatives of the current-voltage characteristic have a 
background which is nearly constant above the Debile energy. The method 
2 
makes use of the fact that the function α F is equal to zero above the Debile 
Ρ 
energy. All the spectra are first normalized such that their value at the 
Debije energy eV is equal to one. The difference between two normalized 
spectra will then be proportional to the function α F (see figure 25), if 
it is assumed that tne neasured signal can be considered to be built up as 
the sum of two unique functions for all contacts (equation (6.1)). ior the 
2 
4 spectra in figure 24 we have 6 combinations yielding the function α F . 
Each spectrum obtained from a combination is normalized to the same value 
2 
for the integral ƒ dv α F (V). The average of these difrerence functions has 
now been plotted in figure 25b. The error bars give the mean error of the 
average, and the first part of the spectrum below 5 mV is shown as a dashed 
line because of the uncertainty due to the structure at zero bias. From 
this analysis one gets for tne ratio of transverse (TA) to longitudinal (LA) 
phonon peak a value of ТА/LA = 6.8. Using the signal values for the maxamum 
in a spectrum given in figure 23, we find λ = 0.15 + 0.02. Unfortunately, 
it is much more difficult to obtain in a similar way from several measured 
spectra the functional shape of the background signal. For this purpose, 
one needs the measured signal (l/R)dR/dV in absolute units for a determina­
tion of the parameters t and m (van Gelder, private communication). Without 
going into details, the results lead to a background function which is very 
sensitive to small differences in the two compared spectra, and this makes it 
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Fig. 24 Measured d V/dl spectra 
for different copper point 
contacts at a temperature 
Τ = 1.5K with resistances 
R = 1.3 Ω (a), 3.3 Ω (b) , 
о 
5.1 Ω (с) and 5.8 Ω (d) and 
with signal values 1.9 
VA~ /div. (a), 6.3 VA~ 2/div. 
(b) 13.1 VA~ 2/div. (c) and 
16.9 VA _ /div. (d). The 
spectra are shifted in the 
vertical scale by 5 scale 
divisions respectively. 
10 60 
voltage (mV) 
difficult to get a unique determination of the background. Small differences 
in the measured spectra can very easily be due to different crystalline 
orientations near the orifice. 
In some of the experimental curves shown, the spectra often reveal a 
structure around zero voltage. This kind of structure has been observed on 
and off in the experiments in a irreproducible way and remains still unex-
2 2 
plained. The d V/dl -signals can be negative or positive at small voltages, 
corresponding to a maximum or a minimum around zero voltage in the resistance 
of a contact. In section (4.5) the possibility of zero-bias structures 
2 2 (negative d V/dl -signal) due to phonon-drag effects was mentioned. It should 
be noted that also in the inelastic tunneling spectroscopy zero-bias struc­
ture have been observed (Wolf, 197Θ). Trofimenkoff et al., give an explana­
tion of these effects in terms of "blocking". This means that the transfer 
of electrons at low voltages is reduced because of non-equilibrium pheno­
mena, i.e. the available electron states are blocked due to the finite elec-
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average of 
difference functions: Ct'Fp 
20 tO 
voltage (mV) 
Fig. 25 A typical example to obtain the function α F from the difference 
of two measured spectra normalized to unity at the Debile voltage 
(35 mV) is given m (a). The average of the 6 difference functions 
2 
α F from the 4 copper point-contact spectra plotted in figure 
Ρ 
24 is shown in (b). 
tron relaxation rates in the metal at small excitation energies. It is 
possible that a similar effect could give a maximum in the resistance 
in point-contact spectroscopy. In addition magnetic impurities are known 
to cause structure at low voltages in tunnel junctions. Correspondingly, 
one has been able to show recently with point-contact experiments (Jansen 
et al., 1980b), that magnetically dilute alloys give rise to a maximum in 
the resistance around zero voltage (see paragraph Θ). 
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7. Temperature dependence of point-contact spectroscopy 
In the theoretical analysis of the point-contact problem in paragraph 4 
solutions in the low temperature limit have been considered only, as most 
of the experiments nave been performed at liquid helium temperatures. In 
this paragraph, we want to describe the influence of the bath temperature 
on the experimental results in point-contact experiments (van Gelder et al., 
19Θ0 a). For this purpose, just as m tne low temperature limit, the col­
lision term in the Boltznann equation has to be analysed; besides the 
spontaneous emission processes, the stimulated emission and absorption 
processes have now to be included as well. As expected, a temperature de­
pendent broadening of the second derivative spectra is found. In experiments 
performed between 5 and 300 К it is shown that this broadening is very well 
described by the theory. In addition, the contact resistance at zero voltage 
shows a temperature dependence which is smilar to the temperature depen­
dence of the DC-electrical resistivity of bulk material. However, small 
differences between the temperature dependence of the bulk resistivity and 
that of the point-contact resisi ance are observed, and it may be possible 
to explain these effects as being due to the different transport efficien­
cies for the electron-phonon interaction in the two cases. 
The formal solution of the point-contact problem has been given in 
paragraph 4. Obviously, at temperatures Τ £ 0, the temperature dependent 
distribution functions for the phonons and the electrons have to be used 
explicitly in the zeroth and first order result for the current through 
a point-contact. In a thermalized system with no non-equilibnu-n phonons 
present, this leads to the Bose distribution V(u) for the phonons and the 
Fermi distribution f (ε) for the electrons. In zeroth order, the elec-
o 
tronie distribution is again given by the Sharvin distribution as plotted 
in figure 7. The zeroth order distribution f, = f (ε, -eV) characterizes 
)< о к 
the electrons which cone from the high voltage side of the contact, and 
the distribution f, = f (ε, ) the electrons coming from the low vol­le о к 
tage side. Using equations (4.1) and (4.2) the current through a circular 
contact with radius a is given in zeroth order by 
(o)
 =
 3 π ^ j (E-oV)-f (E) ] = |ífÍ ν . (7.1) 
4ерЛ J o o 4pi 
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The summation over k_ is performed over half of the Fermi sphere. As can be 
seen tne current I is independent of the temperature, and in first order 
no change in the Sharvin resistance R = V/l is expected. In next order, 
single collision backflow processes have to be taken into account. In the 
iterative expression for the backflow current I the full temperature 
dependent expression for the collision term has to be used (see equations 
(4.35) and (4.36)). Starting for the iteration again with the zeroth order 
distribution functions f, , = f (e-eV) and f, = f (с, ) with ε, = ε + Λω 
It' о к о к к — 
for the energy of the electron after a spontaneous or stimulated emission 
(c - hu), or a stimulated absorption (ε + ϋω) of a phonon has taken place, 
the negative correction I to the current is obtained as 
(1)
 =
 . 4 ^ J _f 
ev/ pi. ; о о 
χ ƒ dio α F (hü)) f l+2v (<i>)+f (ε+ίι
ω
)-£ (ε-1ίω) ] . (7.2) 
ρ ο ο 
ο 
The factor m front at the right of the last equation is equal to the factor 
2 3 2 in expression (4.40), if the relations pî. = mv /η e and η = к /Зіт are 
( 1 ) F ο O F 
being used. Note that the correction I to the total current I is of 
next order in а/Л , as Ι "ν» I а/Я (see equation (3.12) for the 
op ep 
energy dependent relaxation time τ(ε) = S. (ε)/ν ). 
We are interested in the voltage derivatives of the current. For the 
differential resistance at zero voltage R (T) = (dl/dV) (V = 0) we obtain 
о 
for the case wnere R (T) - R << R 
о о о 
3 « (fiω/2k Τ) 
R (Τ) = R + R ^^τ- ƒ du a F (hu)) . ( 7 . 3 ) 
0
 0 V Ä о P sinh2(tW2kT) 
В 
Apart from the typical difference in the transport efficiency, indicated 
2 
by the subscript ρ in α F (ω), a similar expression is found for the tem­
perature dependent resistivity ρ(Τ) in bulk material (Hayman and Carbotte, 
1972) 
2π " h ω/2k Τ 
ρ (Τ) = 1 ƒ diu 2 α F ( Μ . (7.4) 
n e ο sinh (fiœ/2k Τ) 
ο Β 
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Tne full expressions for the electron-phonon interaction function α F and 
2 P 
α F , as weighted with the relevant transport efficiencies, are given by 
equations (4.41) and (4.42). For the second derivative of the current with 
respect to the voltage one finds 
2 3 <*> 
d I 4 ^ a e r 2_ , h , ,titii-eV t ,_, ,_, 
~ = r J d u α F Πω χ ( . _ · ( 7 . 5 
, 2 ν ni ' ρ к Τ 
dV F - » ν В 
The function χ(ζ) has a bell-shape with half-width 5.4 к Τ· 
В 
1 ζ (z-2)eZ+z+2 ,„
 ry 
x
{z)
 = Г Т
е
 — l — T - · ( 7 - б ) 
В (e -1) 
For Τ = 0 expression (7.5) reduces to equation (4.43), and the second 
2 2 2 
derivative d I/dV is directly proportional to the function α F . Equation 
Ρ 
(7.5) describes the broadening of the spectrum arising from a temperature 
Τ ^ 0. The same function χ for the thermal broadening has been obtained in 
an analysis of the temperature dependence of inelastic tunneling (Lambe 
and Jaklevic, 1968). 
In order to check the predicted broadening experimentally, the second 
2 2 derivative d V/dl of a point contact has been measured as a function of 
temporature between helium and room temperature (van Gelder et al., 1980 a) 
In figure 26 we have given the neasured spectra between 5 and 20 К for a 
Au pressure-type point contact showing the expected broadening of the 
2 
spectrum. As the spectrum will be proportional to α F for the lowest 
measuring temperature, this spectrum can be used to calculate the spectra 
at higher temperatures. By a convolution product with the spectrum at the 
lowest measuring temperature Τ = 5 К we determine the spectra at higher 
temperatures Τ as 
di 'τ В eff 
В о 
In analogy to the usual quadratic addition of the line widths for the 
superposition of Gaussian distributions, we have taken an effective tem-
d 2 v , 
^ ( e V ) | = 
d l Τ 
10 к Τ 
В 
ƒ 
- 1 0 к Τ 
/2~Т /Τ -Т instead of Τ in formula (7.7), as we investigate 
ej-i. о 
the spectral averaging due to the temperature difference between Τ and Ί 
The dashed lines in figure 26 give the calculated spectra using equation 
60 
d ' ï / d l 2 larbrtraryunils)-
10 
7 = 5 (К) 
T = 10 IK) 
30 (0 
•allage (mV) 
2 2 
Fig. 26 Measured d V/dl spectra at a temporature between 5 and 20 К 
for a Au point contact with resistance R = 5.1 Й. The dashed 
о 
lines (vertically shifted by one scale division) give the cal­
culated thermal average using the measured spectrum at 5 K. 
(7.7) leading to an almost perfect agreement with the experiments. Due to 
the use of different kind of materials in the sample holder for the 
pressure-type point contact, thermal expansion caused inbtabilities in the 
Au point contact upon increasing the temperature. To overcome this problem 
we have investigated Cu point contacts in a sample holder which was 
practically totally fabricated from copper. Figure 27 shows a point-contact 
spectrum between 5 and ¿70 K. Also for this temperature range the thermal 
broadening fits the theory. 
Equations (7.3) and (7.4) show a great similarity between the tempera-
ture dependence of the bulk material resistance and that of the point-
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Fig. 27 Measured d V/dl spectra at a temperature between 5 and 270 К 
for a Cu point contact with resistance R = 1.7 Я at 5 K. The 
dashed lines (vertically shifted one scale division) give the 
calculated thermal average using the measured spectrum at 5 K. 
contact resistance, apart from the typical differences m the transport 
efficiencies. In order to look into this problem experimentally, the point-
contact resistance at zero voltage has been measured for copper as a func-
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tion of the temperature. In figure 28 we have given a measured contact re­
sistance between 5 and 300 K. In the same figure, also the resistance of a 
bulk piece of copper wire is shown, using the same material of which the 
spear-part of the point contact wab fabricated. To co-npare the measured 
resistances for the two cases, we have plotted them in such a way that 
they fall together at low temperatures and have the same slope in the limit 
of high temperatures. The temperature-dependent behaviour for bulk material 
and a point contact looks smilar, however there seems to be a characteris­
tic difference in the two experiments. This difference can tentatively be 
explained in terms of the different transport efficiencies in the functions 
2 2 
α F and α F . This can be analysed in terms of a function Δ(Τ) = 
ρ tr 
Τ - [R (T)-R ]/[dR/dT] (see figure 28) which corresponds to the difference 
in the measured resistance and the straight line through R (T=0) and 
parallel to the resistance in the high temperature limit. We now look for 
'pom 
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Fig. 28 Resistance at zero voltage of a Cu point contact as a function 
of the temperature. The dashed lino is the measured resistance 
of bulk material (spear part of the Cu point contact). The 
values Δ (Τ) and Δ^ (Τ) indicate the difference between the 
Ρ tr 
measured resistance values and the straight line through R(T=0), 
parallel to the high temperature slope of the resistance. 
the difference 6{Δ(Τ)} = Δ (Τ) 
Ρ 
Δ^ (Τ), where Δ (Τ) is related to the 
tr ρ 
point-contact case and Δ^ (Τ) to the bulk material. It follows from the 
tr 
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experiments that this difference 6{Δ(Τ)} is negative. By an evaluation of 
the functions Δ (Τ) 
Ρ 
and (7.4), we find 
and Δ (Τ), using the definition and equations (7.J) 
0.1 ƒ düj a F (ω) 
Δ ( Τ ) = £ Ξ 2 ' ( 7 · 8 ) 
Β
 2 ƒ du) ^FtoO. 
which holds for temperatures Τ roughly of the order Τ > 0.3 θ . Here, we 
2 2 
used α F (ω) for a determination of Δ (Τ) and α F (ω) for Δ (Τ). Using 
ρ ρ
 2 tr 2 tr 
the sum-rule in the normalizations ƒ dm α F (ω)/ω = ƒ db¡ a F (ω) /ω, we 
conclude from the experimental found fact δ{Δ(Τ)} < 0 that the function 
2 
a F (ω) is shifted towards lower frequencies as compared with the function 
2 P 2 2 
α F (ω); this agrees with the ω-dependence of α F and α F at low fre-
tr ρ tr 
quencies. In table I of section (4.4) we have shown that for spherical 
-Ц 
Fermi surfaces umklapp scattering yields an extra factor ω for the func-
2 2 
tion α F as compared with α F . As umklapp scattering is important for 
a noble metal like Cu, a stronger signal in the point-contact spectrum is 
expected at low frequencies. 
It is clear that further studies are necessary to support these con­
clusions. For instance, the results in table I are derived for a spherical 
Fermi surface, and this does not hold in the case of copper. Therefore, 
it should be interesting to determine in detail the power law of the tem­
perature dependence of the point-contact resistance at low temperatures, 
in order to investigate the scattering processes in the point-contact 
geometry as compared with the bulk material. 
8. Detection of other scattering mechanisms than the electron-phonon 
interaction 
Most of the experiments m the field of the point-contact spectros­
copy carried out until now deal with the measurements of the electron-
phonon interaction in a metal. It is obviously of great interest whether 
the point-contact method can be applied to study the interaction of the 
electrons with other elementary excitations in the metal than phonons. The 
grand result of the solution of the transport problem for the resistance 
of a point contact is summarized by equation (4.34) which states the all 
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important simple fact that the change in the contact resistance as a func­
tion of the voltage is proportional to the inverse of the energy-dependent 
scattering time of an electron. The solution is valid under the condition 
tnat the inelastic mean free path £(ε) = ν τ(ε) is large compared to the 
linear dimension a of the contact, for this type of junction it is possible 
to have an electric field within a metal which accelerates the electrons 
according to the Sharvin picture (fleld-emission). In principle, every 
interaction-process of the conduction electrons in a metal can now be 
studied with point contacts in the clean limit (Я/а >> 1). In this para­
graph we will discuss some recent experiments, which have been performed 
to investigate the scattering of electrons in a ferromagnet (electron-
magnon interaction) and in a magnetically dilute alloy (Kondo-effect). In 
point-contact experiments on ferromagnetic metals (Verkin et al., 1979), 
strong anomalies have been observed at voltages which can be correlated 
with the critical Curie temperature of a ferromagnet. In experiments on 
Kondo samples (Jansen et al., 1980 b) zero bias structures have been ob­
served which can be analysed in terms of a direct determination of the 
relaxation time for the exchange coupling of the conduction electrons 
with magnetic impurities. 
For the study of the electron-magnon scattering Verkin et al. (1979) 
have investigated point contacts of the ferromagnetic metals Fe, Co and 
Ni. In the measured second derivative spectra the usual structure was 
observed at applied voltages which were in agreement with the phonon 
frequencies. Äs an example, we show the spectrum for a Ni point contact 
in figure 29. The observed longitudinal phonon peak is less intense as 
compared with the transverse phonon peak. Besides Fe, Co and Ni, the noble 
metals also revealt this behaviour. This supports the idea of a strong 
coupling of the d-electrons with the transverse phonons via umklapp 
scattering in these metals (see paragraph 6). At higher voltages (^  190 mV 
for Ni), i.e. at energies, which are of the order of the Curie temperature 
Τ (T = 627 К and к Τ = 54 meV for Ni), a new type of singularity has 
been observed (see figure 29). This new phenomenon has been explained by 
Verkin et al. (1979) by considering the strong power dissipation occuring 
at higher voltages which causes local heating of the metal in or near the 
contact region As the scattering of the electrons in a metal increases 
at higher temperatures, the mean free path of the electrons gets much 
smaller and the behaviour of the metallic contacts goes over from the 
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50 100 150 2 0 Γ 250 voltage (mV) 
Fig. 29 
2 2 
Measured d V/dl spectra for point contacts of Ni at a tempera­
ture Τ 1.5 К. Top figure: resistance R 6.5 Ω; bottom 
figure. R = 2.9 Ω. The dashed line gives the phonon density of 
states obtained from inelastic neutron-scattering experments 
(Birgeneau et al., 1964). In the bottom figure the singularity 
around 190 mV is shown together with the expanded signal at low 
voltages (phonon structure). 
Knudsen regime (λ > a) into the Maxwell limit (S- < a) . For reasonably 
general point-contact geometries of a suroundmg temperature Τ , the 
maximum temperature Τ at the orifice due to Joule heating is given in the 
Maxwell limit by (Holm, 1967)· 
,2 
m
2
 m
2 ^ V 
m b 4L (8.1) 
This simple relation has been deduced by assuming that the electronic heat 
conductivity К and the electrical resistivity ρ are related by the 
Wiedemann-Franz law Kp = TL (L is the Lorentz number) . For T. •+ 0, the 
b 
maximum temperature Τ is proportional to the applied voltage V, and 
m
 2 
equation (Θ.1) gives numerically for the second term (3.2V) if V is 
measured in millivolts. The fact that considerable heating in the vicinity 
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of the metallic contact takes place is supported by tae occurrence of an 
irreversible lowering of the point-contact resistance at high voltages 
(•v 200 mV) which is probably due to the disappearance of strain hardening 
in the metal of the pressure-type point contact at d certain temperature, 
called the softening temperature Τ ^^ (for Ni, Τ ^ = S20 К). for vol-
soft soft 
tages where Τ ^ Τ , the resistance of the contact (R = p/2a) changes 
m с 
abruptly due to the increase of the electron-magnon resistivity at the 
Curie temperature. Assuming that the change in temperature spreads out 
spherically in the vicinity of the contact, the experimental results can 
be simulated using a step-like model for the temperature dependence of 
the magnon resistivity (Verkin et al., 1979). This model predicts a 
singularity at the voltage V = 3.6 Τ which is in agreement with the 
experiment. As a conclusion, one is tempted to say that in these point-
contact experiments only the temperature dependence of the bulk resistivity, 
arising from electron-magnon scattering, is determined. Here, the point-
contact method is not used in the sense of a tool to measure the energy 
dependence of the scattering time for the electron-magnon interaction. 
In an other series of point-contact experiments, where Mo has been 
pressed against the magnetically ordering metals GdCu Si and Tb (Leppn 
and Wohlleben, 1978), structure has been observed and ascribed to electron-
magnon scattering. As the GdCu„Si sample is certainly not pure, the con­
tacts are probably again in the Maxwell limit and local heating effects 
can explain the observed increase in the resistance, just as in the case 
of Fe, Co and Ni as investigated by Verkin et al. (1979), but now, due to 
the anti-ferromagnetic ordering in GdCu Si , at much lower temperatures 
(T = 12 K). In tne Tb experiments, sharp maxima in the measured resistance 
с 
signal have been ascribed to electron-magnon scattering, because as the 
energies where the peaks occur compare reasonably well with the structures 
in magnon density of states as obtained from inelastic neutron-scattering 
experiments. However, it is not clearly understood why a maximum is ob­
served in the resistance instead of in the voltage derivative of the 
resistance. 
Very recently experiments have been performed on point contacts, made 
from magnetically dilute alloys, in order to study the exchange scattering 
of the electrons with magnetic impurities in the metal (Jansen et al., 
19Θ0 b). The experiments were done with Au and Cu host samples with small 
concentrations (< 1 at.%) of respectively Mn and Fe. The point-contact 
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spectra revealt an interesting structure, which corresponds to a maximum 
in the resistance at V = 0. An explanation of the observed phenomenon can 
be given by considering the scattering time for the interaction of the 
electrons with magnetic impurities (see formula (4.34)). In figure 30 
we have given the measured differential resistance as a function of the 
applied voltage for a AuMn junction. In the same figure we have also plotted 
2 2 the second derivative d V/dl , which clearly shows the phonon structure, 
dV/dI(0 5 mn/division) 1 
01 1 10 
Voltage (mV) 
Fig. 30 Measured differential resistance dV/dl for a point contact of 
the magnetically dilute alloy Au-0.03 at.% Mn as a function of 
the applied voltage (linear and logarithmic scale). Resistance 
R = 2.1 Ω; temperature Τ = 1.5 K. The dashed line in the bottom 
о 
figure gives the logarithmic slope of the resistance. In the 
insert, the second derivative signal reveals the phonon struc­
ture of Au. 
indicating that we are indeed dealing with point-contact spectroscopy with 
a backflow carrent. Heating effects can be neglected as we are still in 
the Knudsen regime for the investigated point contacts, according to tne 
observed electron-phonon structure seen in the signal. Note the charac­
teristic difference between tunneling and point-contact spectroscopy: In 
tunneling experiments performed on metal-insulator-metal films, structures 
as a function of the applied voltage have been observed, indicating a 
mininum in the resistance whicn is due to the coupling between electrons 
and magnetic impurities in the oxide layer (Wyatt, 1964). This in drastic 
contrast with the maximum m the resistance as observed in the point-
contact experiments. 
For a detailed analysis and understanding of most of the phenomena 
due to the exchange interaction in Kondo systems (i.e. bulk resistivity, 
specific heat, susceptibility, etc.) a determination of the energy depen­
dence of the scattering rate is important. Theoretically, the scattering 
time of an electron with energy eV above the Fermi level has been evaluated 
for a Kondo system in several ways (Suhl, 1973). The energy-dependent 
scattering time т(е ) as given by Hamann (1967) reduces i.e. m the limit 
eV >> к Τ to 
В 
( e V ) =
 ΪΝ f1 - 1 п ( к 1 Г И 1 п ( ίΓΪ _ ) + s < s + 1 > * ) } < 8 - 2 > 
o B K B K 
where Τ is the characteristic Kondo temperature of the dilute alloy ana с 
the concentration of magnetic impurities with spin S. From the Hamann 
formula for the scattering rate, the temperature dependence for the bulk 
resistivity can be obtained, which is formally similar to the voltage 
dependence of τ (eV) in equation (8.2). It is therefore reasonable to 
compare the point-contact data as a function of voltage qualitatively with 
bulk resistivity measurements as a function of temperature. Note that from 
a theoretical point of view, it is a coincidence due to the nature of the 
specific logarithmic terms in the expression for the scattering time that 
the temperature dependence of the resistivity and the energy dependence 
of the inverse of the scattering time behave similar. 
The Kondo temperature for a AuMn-system is very low (T ^ 1 0 K). 
i i -1 
Using |In Τ I >> 1, equation (8.2) can then be simplified to τ (eV) = 
{ 1 - 2 In(eV)/In(k Τ )}. In figure 30 we have also plotted the measured 
В К 
point-contact resistance as a function of the voltage in a logarithmic 
scale. It can be seen that over a limited range around 1 mV a logV-
behaviour is observed. For higher voltages, the resistance increases due 
to the electron-phonon interaction, and at low voltages ordering effects 
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and temperature smearing play a role in the rounding off of the resistance 
maximum. Similar ordering effects have been observed for concentrations 
Ì 0.02 at.% Mn in Au in bulk resistivity experiments (Loram et al., 1971). 
In figure Jl point-contact experiments for different Mn concentrations in 
the Au samples are shown. Upon increasing the Mn concentration, firstly 
a broadening of the resistance maximum at V = 0 occurs, and then the 
maximum splits up in two maxima. Qualitatively the same behaviour has been 
observed in bulk resistivity experiments as a function of the temperature 
(Loram et al., 19/1). The experiments with more concentrated samples can 
du/dl , 
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Fig. 31 Measured differential resistance dV/dl for Au point contacts with 
different concentrations of Mn. 
be described by ordering, or equivalently, internal magnetic fields. This 
is clearly demonstrated in figure 32, where the resistance of a AuMn point 
contact is given as function of voltage in magnetic fields up to 30 kG. 
Also in CuFe dilute alloys maxima in the resistance at V = 0 have been 
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Ftq. 32 Measured differential resistance dV/dl for a point contact of 
Au-0.1 at.% Mn in an applied magnetic field (perpendicular to 
the contact area). Resistance R = 2.5 Ω, temperature Τ = 1.5 К. 
The curves are shifted with respect to the reference point in­
dicated by (+) . 
observed (Jansen et al., 1980 b). For the CuFe case, the temperature of 
the helium bath used for the experiments lies below the Kondo temperature 
(^  30 K) . Therefore, for very small voltages, the unitanty limit giving 
the maximum in the cross-section for the electronic scattering might be 
reached. A first indication gives the experimental result with a flat part 
in the resistance below 0.5 mV (^  20% of the Kondo energy к Τ = 2.6 mV). 
В К 
However, the bath temperature should be lowered even more to give clear 
evidence for an observation of the unitanty limit. 
These first experimental results on ferromagnetic metals and on Kondo 
samples show convincingly that point-contact spectroscopy is a most 
promising and interesting tool for investigating the scattering mechanism 
of the conduction electrons in metals. Although this new spectroscopy has 
71 
been applied most successfully until now mainly for the study of the elec-
tron-phonon interaction, it is quite clear that the method will be equally 
useful for other interaction mechanisms as well. However, one has always 
to keep in mind that in order to bring the conduction electrons out of 
equilibrium within a distance of the order of the mean free path, it is 
essential that the samples to be studied with point-contact spectroscopy 
have to have an energy dependent mean free path of the electrons which is 
at least of the order of the spatial dimensions of the contact. 
72 
References 
Adler J.G. and Jackson J.E. 1966, Rev. Sci. Instr. 37_, 1049. 
Birgeneau R.J., Gordes J., Dolling G. and Woods A.D.B. 1964, Phys. Rev. 
136A, 1359. 
Carbotte J.P. and Dynes R.C. 1968, Phys. Rev. 172, 476. 
Chaikin P.M. and Hansma P.K. 1976, Phys. Rev. Lett. 36.» 1552. 
Cowley R.A., Woods A.D.B. and Dolling G. 1966, Phys. Rev. 150, 487. 
Damno M., Kaveh M. and Wiser N. 1978, J. Phys. (Paris) 39, C6-1046. 
Das S.G. 1973, Phys. Rev. В 7_, 2238. 
Dolling G. and Woods A.D.B. 1965, Thermal Neutron Scattering, ed. P.A. 
Egelstaff (New York: Academic Press Inc.). 
Dozier J.W. and Rodgers J.D. 1964, IEEE Trans. Microwave Theory Tech. 
j_2, 360. 
Frauenfelder H. 1962, The Mössbauer Effect (New York: W.A. Bergamin Inc.). 
van Gelder A.P. 1978, Solid State Commun. 25^ , 1097. 
1980, to be published. 
van Gelder A.P., Jansen A.G.M., Strassler S. and Wyder P. 1978, J. Phys. 
(Pans) 3£, C6-602. 
van Gelder A.P., Jansen A.G.M, and Wyder P. 1980 a, to be published. 
1980 b, to be published. 
Gilat G. and Raubenheimer L.J. 1966, Phys. Rev. 144, 390. 
Gnmvall G. 1976, Phys. Scr. _М» б 3 · 
Hamann D.R. 1967, Phys. Rev. 158, 570. 
Haymann B. and Carbotte J.P. 1971, J. Phys. F: Metal Phys. !_, 828. 
1972, J. Phys. F: Metal Phys. 2, 915. 
Holm R. 1967, Electric Contacts (Berlin: Springer Verlag). 
Jansen A.G.M., Mueller F.M. and Wyder Ρ 1976, Proc. 2nd Rochester Conf. on 
Superconductivity in d- and f-band Metals, ed. D.H. Douglass (New 
York: Plenum). 
1977, Phys. Rev. В Ub_, 1325. 
1978, Science J_99, 1037. 
Jansen A.G.M., van den Bosch J.H., van Kempen Η., Ribot, J.Η.J.M., Smeets 
P.H.H. and Wyder P. 1980 a, J. Phys. F: Metal Phys. K^, 265. 
Jansen A.G.M., van Gelder A.P., Wyder P. and Strâssler S. 1980 b, to be 
published. 
Klem J., Léger Α., Beim M. and Défourneau D. 1973, Phys. Rev. В 7_, 2336. 
73 
Knudsen M. 1934, Kinetic Theory of Gases (London: Methuen). 
Kulik I.O., Omel'yanchuk A.N. and Shekhter R.I. 1977, Fiz. Nizk. Temp. 2» 
1543 (Sov. J. Low Temp. Phys. 3_, 740) . 
Kulik I.O., Shekhter R.I. and Omel'yanchuk A.N. 1977, Solid State Conmun. 
23_, 301. 
Kulik I.O. and Yanson I.K. 197Θ, Fiz. Nizk. Temp. £, 1267 (Sov. J. Low 
Temp. Phys. £, 596). 
Lambe J. and Jaklevic R.C. 1968, Phys. Rev. 165, 821. 
Leppm H.P. and Wohlleben D.K. 1978, J. Less Common Metals 62^ , 303. 
Loram J.W., Whall Т.Е. and Ford P.J. 1971, Phys. Rev. В З^» 9 5 3 . 
Lynn J.W., Smith H.G. and Nicklow R.M. 1973, Phys. Rev. В 8, 3493. 
Maxwell J.C. 1904, A. Treatise on Electricity and Magnetism (Oxford: 
Clarendon). 
McMillan W.L. 1968, Phys. Rev. 167, 331. 
McMillan W.L. and Rowell J.M. 1969, Superconductivity vol. 1, ed. R.D. 
Parks (New York: Marcel Dekker Inc.). 
Omel'yanchuk A.N., Kulik 1.0. and Shekhter R.I. 1977, Pis'ma Zh. Eksp. 
Teor. Fi?. 2S_, 465 (JETP Lett. 25^ 437). 
Parks R.D. 1969, ed. Superconductivity (New York: Marcel Dekker Inc.). 
Rowell J.M., McMillan W.L. and Dynes R.C. 1973, A Tabulation of the 
Electron-Phonor Interaction in Superconducting Metals and Alloys, 
part I, Bell Tel. Labs., Murray Hill, USA (unpublished). 
Rowell J.M., McMillan W.L. and Feldman W.L. 1969, Phys. Rev. 180, 658. 
Shalov Yu.N. and Yanson I.K. 1977, Fiz. Nizk. Temp. 3_' " (Sov. J. Low 
Temp. Phys. 3_, 48) . 
Sharvin Yu.V. 1965, Zh. Eksp. Teor. Fiz. 48, 984 (Sov. Phys. - JETP 21_, 
655) . 
Smith H.G., Dolling G., Nicklow R.M., Yijayaraghavan P.R. and Wilkinson 
M.K. 1968, Neutron Inelastic Scattering, Proc. Symp., Copenhagen 
vol. I, p. 149 (Vienna: IAEA). 
Stedman R., Almqvist L. and Nilsson G. 1967, Phys. Rev. 162, 549. 
Suhl H. 1973, ed. Magnetism vol. V (New York: Academic Press). 
Trofimenkoff P.N., Kreuzer H.J., Wattemaniuk W.J. and Adler J.G. 1972, 
Phys. Rev. Lett. 29, 597. 
Truant P.T. and Carbotte J.P. 1973, Can J. Phys. 5J_, 922. 
Verkm B.I., Yanson I.K., Kulik I.O., Shklyarevski O.I., Lysykh A.A. and 
Naydyuk Yu.G. 1979, Solid State Commun. 30, 215. 
74 
Walker C.B. 1956, Phys. Rev. 103, 547. 
Wexler G. 1966, Proc. Phys. Soc. London 89_, 927. 
Wolf E.L. 1978, Inelastic Tunneling Spectroscopy, ed. T. Wolfram (Berlin: 
Springer). 
Wyatt A.F.G. 1964, Phys. Rev. Lett. \3^, 40. 
Yanson I.K. 1974 a, Zh. Eksp. Teor. Fiz. 66^ , 1035 (Sov. Phys. - JETP 39^ 
506) . 
1974 b, Fiz. Tverd. Tela H>, 3595 (Sov. Phys. Solid State 1Ъ, 2337). 
1977, Fiz. Nizk. Temp, ¿i 1 5 1 6 (Sov. J. Low Temp. Phys. 3^, 726). 
Yanson I.K. and Batrak A.G. 197Θ, Pis'ma Zh. Eksp. Teor. Fiz. 27^ 212 
(JETP Lett. 27^ 197). 
Yanson I.K. and Kulik I.O. 1978, J. Phys. (Paris) 39, C6-1564. 
Yanson I.K. and Shalov Yu.N. 1976, Zh. Eksp. Teor. Fiz. T U 286 (Sov. 
Phys. - JETP 4£, 148). 
Young J.A. and Koppel J.U. 1964, Phys. Rev. 134, АІ476. 
75 
C h a p t e r I I I : 
P H Y S I C A L R b V I h W В VOI. 1 M b 16, N U M B Í R 4 1 5 Л 1 ( . L S T 1 9 7 7 
Direct measurement of electron-phonon coupling a2F(a>) using point contacts: Noble metals 
A G M Jansen, F M Mueller, and Ρ Wyder 
Physics Laboratory and Research InslHule for Materials University of \ijmegen, Toernooivetd. Nijmegen The Netherlands 
(Received 30 December 1976) 
A new technique of forming tiny point contacts between normal metals is desenbed By measuring the 
voltage derivative of the resistance of such contacts at 1 2 K, structure is found which is consistent with bulk-
phonon densities of slates Similar results were reported recently by Yanson using a shorted film technique 
When interpreted, the observed structures yield electron-phonon coupling parameters in close agreement with 
literature values 
The measurement oí the electron-phonon inter-
action has a t t racted considerable in te res t . ' " 3 Re-
cently Chaikin and Hansma have est imated the 
electron-phonon coupling pa rame te r λ in Al and Cu 
using proximity-effect tunneling,' and Hoyt and 
Mota have est imated \'s for Cu, Ag, and Au using 
concentrat ion-squared extrapolations based on the 
McMillian equation and the superconducting c r i t i ­
cal t e m p e r a t u r e of a - p h a s e n o b l e - m e t a l - n c h a l­
loys. 5 In this paper we report m e a s u r e m e n t s of 
the voltage derivative of the r e s i s t a n c e of junctions 
formed by tiny contacts between two noble metals , 
which show deviations from Ohm's law.6 Structures 
a r e seen which coincide well with bulk phonon 
spect ra , and when interpreted yield A's close to 
those expected 1" ' ' for noble meta l s . Some of our 
r e s u l t s have been presented qualitatively at the 
Rochester meeting. 3 
We were st imulated to try our exper iments by 
the work of Yanson. 7 , B He used shorted junctions 
formed from normal metal l ic films separated by 
an insulator. The m e a s u r e d junctions were in the 
normal s ta te , e i ther because of the Dewar temper­
a t u r e o r because of the application of an external 
magnetic field. His Cu r e s u l t s a r e in excellent 
agreement with those presented here . It occurred 
to us that if we could form liny tnelalhc bridges 
from sharp points, (he result ing junctions would, 
in the normal s tate, be Sharvin junctions," and 
p e r h a p s be s impler to form and control than those 
formed from shorted fi lms. The major potential 
disadvantages of such junctions, compared ui lh 
those formed from films involved questions of 
mechanical stability. 
We formed a sharp tip (-І Mm) on a thin wire 
( " spear") through an electrolyt ic etching technique. 
This was mounted rigidly on a subassembly with a 
l a r g e r wire ("anvil"), cooled to 1.2 К and carefully 
p r e s s e d into the anvil. The separat ion was first 
crudely adjusted using mechanical differential 
s c r e w s and then finely adjusted, using a piezoelec­
tr ic substage. We es t imate that the anvi l-spear 
separat ion could be controlled this way to better 
than 10"" cm. An individual point contact was made 
and broken many t imes until a stable and r e p r o ­
ducible value of r e s i s t a n c e was achieved. Us­
ing the piezoelectr ic lever ar rangement , the 
r e s i s t a n c e of noble-metal point contacts ranged from 
2 . 5 t o 6 0 n . Onceformed, the point contacts had stable 
r e s i s t a n c e s for 3-4 h. The first and second derivative 
(Э /э/ and э г /э/ 2) were recordedusingconventional 
ac modulation, phase-sensi t ive detection, and 
lock-in techniques, s imi lar to those used in supercon­
ducting tunneling- spectroscopy The modulation vol­
tage was small , typically 300 μV The res i s tance 
R ( V) = э У/8/ was sm ooth a s a fune tion of voltage, but 
not constant. For applied voltages greater than 
about 30 mV, the r e s i s t a n c e of all such junctions 
increased l inearly with voltage; below 30 mV, the 
behavior was roughly parabol ic . Thus (he r e s i s t ­
ance of the junctions was distinctly non-Ohmic in 
both reg imes, but metall ic in the sense that it was 
a monotomcally increasing function of voltage. 
For a c lear discussion on this point we refer to 
Rowell et al.2 
The voltage dependence of various (nR/dV) 
['(à2V/òI2)/(àV/3I)} fell into three distinct types: 
Those presented here in Fig. 1 ("normal"); those 
which had a large second derivative peak at less 
than 5-mV bias ("anomalous"), those which showed 
s t ruc ture s imi lar to that in Fig. 1, but with a r a -
pid osci l latory modulation of order 1 mV ("multi-
ple-junction"). Similar effects were seen by Yan-
son and Shalov" in their film exper iments . In our 
exper iments the three types divided roughly a s 
70%, 29"{, and S^ of the formed juncdons, r e -
spectively. In Figs. l ( a ) - l ( c ) typical resul ts a r e 
given for dR/dV of Cu, Ag, and Au as a function 
of voltage for "no rma l " junctions. In all ca ses 
R{\) was nearly a symmetr ic function of V and 
àR/BV an ant isymmetr ic function of V. Two pieces 
of s t ruc ture a r e seen at voltages l ess than 30 mV, 
above this value dR/oV is constant. In the same 
figure l i t e ra ture values a r e given for the phonon 
density of s ta tes ί'(ω) for Cu, 1 0 Ag," and Au,12 ob­
tained from neutron scat ter ing exper iments . The 
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HG 1 Measured voltage d e m a i n с of the resistance 
of point contacts as a function of applied voltage of (a) 
Cu-Cu, (b) Ag-Ag, (c) Au-Au, and (d) Cu-Au, plotted as 
the solid lines (left-hand scale) The right-hand scale 
is derived through Eqs (2) and 0) In (a), (b), and (c) 
the background functions are shown as short-dashed 
curves, and phonon density of states from Hot 12 as 
long-dashed curves The dotted Une in (b) shows the 
small measured anomaly at zero bias In (d) is plotted 
as long-dashed curves the difference between the mea­
sured solid curve and the background function for Ли and 
Си, respectively 
coincidence oí the low voltage peak of our r e su l t s 
with the t r ansve r se phonon peak is excellent The 
higher peak coincides well with the longitudinal 
peak, with a small disagreement in the case of Ag. 
We believe, therefore, that bulk phonons play a 
significant role . 
The resis t ivi ty ra t io (RR) of our samples given 
in Table I is low and the res i s tance at z e r o volt-
age Ω 0 іь high compared with previous exper i­
ments on metall ic c o n t a c t s / Est imating the con­
tact radius aM from aa = ρ/2Ω0 (ρ is the res is t iv i ty 
of the meta l . Maxwell1 3 derived this formula using 
Ohm's law) and the data of Table I we find values 
smal le r than 0 2 A. These a r c far s m a l l e r than 
our e s t i m a t e s of the res idual impurity scat ler ing 
length i
m p . Thus the flow of e lectrons through the 
contact orifice would have additional impedance 
due to the Knudsen 1 4 effect. Wexler 1 5 has given a 
detailed t reatment of the r e s i s t a n c e in the case 
where the orifice s ize a is smal l compared with 
the scat ter ing length I. He gives 
Д,
п
, = Γ(/0/2σα + ІК/Зиаа , (1) 
where Γ is a slowly varying function of the Knudsen 
number K = l/a which takes the value 1 at z e r o and 
7І5 π 2 at high К and σ = 1/p the conductivity of the 
bulk mater ia l . The first t e r m in this formula i s 
dominant for smal l К and s imi lar to the res i s t ive 
formula of Maxwell 1 3 The second t e r m dominates 
for high К and is s imi lar to the formula of bharvin. 9 
The regime of high К i s of interest here and (he 
r a d u given in Table 1 a r e found from α 2 = 4ρί/3π0 0 . 
These r a d u a r e much l a r g e r than our Maxwellian 
es t imates , but the condition K»l i s sti l l fulfilled. 
We a s s u m e that only the scat ter ing length I de­
pends on the voltage V (or energy eV). Thus s ince 
pi is independent of I and Γ a slowly varying func­
tion of K, the derivative aJÌ/э i s given by 
dR_
=
rpl J 1_ 
Э ' 2a »V Це ) (2) 
and the total scat ter ing length by 1/1 = l/i,
m
p+ l/i
c
p ; 
where 
1 1 
Ztp vF7[eV) 
-^j- Γ (I J a'Fiw) [2Ν0Μ * 1 - / 0 ( e V - ω) 
1
 F " •'ft 
•/„(eV + tt.)] (3) 
is the energy-dependent phonon-emission length at 
energy eV, and a*F the frequency-dependent e l e c -
tron-phonon coupling constant Thus at low t e m ­
p e r a t u r e s we obtain directly a2F, given a s the 
right-hand s c a l e s of Fig 1. In (he theor ies of 
electron-phonon coupling reviewed by Z a v a n t s k u 
and Grimval l , 1 l/LF becomes constant at high en-
7 7 
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TABLl· I Pxpenmontal parameters foi the four point contacts plotttd in Fig 1 ίϊ0 is the junction resistance at 
zero voltage, ilinp tht 1.2-K resistive scattti ing It ngth, Zep the 30-meV clettron-phonon emission length. a the orifice 
rddius, and К the Knudsen ratio l/a \p is twice tht integr.il of the dti ivcd O Z F/-J 
Cu-Cu 
Ag-Ag 
Au-Au 
Cu-Au 
НИ 
71 
43 
2.1 
J5 
«0 
(Я) 
5 7 
16 3 
32 0 
2 5 
do-
Pi 
-" Ω c m
2 ) 
0 71 
0 91 
1 04 
0 86 
( Ю - ' с т ) 
0 89 
1 01 
1 16 
( 1 0 - 4 с т ) 
3 25 
J 26 
1 25 
2 51 
а 
(IO"' cm) 
72 7 
54 9 
37 1 
122 2 
К 
96 
140 
162 
Хс 
0 14 ±0 03 
0 10 + 0 04 
0 14 1 0 05 
... 
λ » 
0 16 
0 16 
0 21 
... 
Хр 
0 14 
0 15 
0 16 
... 
ergy, ι e , (S/deVX1/ÍC| ) - 0. Wc see that our r e -
sul ts contain a phonon-emiSMon effect, and another 
smooth ("background") effect. Wc have approxi-
mated the second effect through the dashed func-
tions presented in Fig. 1, given by 
B(V)= CUnh2(1.5eV/keD), (4) 
where С is a constant fitted at 30 mV. To compare 
with other exper iments , we integrate to find the 
bp's, Xo i s taken from G n m v a l l ' and λ , from Hoyt 
and Mola/' given in Table I. On the basis of the 
c lose coincidence of the s t r u c t u r e of Fig. 1 with 
phonon s t r u c t u r e s , and the agreement with l i t e r a ­
ture values of λ, we conclude that the voltage de­
rivat ive of the r e s i s t a n c e of smal l point contacts 
provides a s imple and convenient method to mea­
s u r e α^ίΧω) in normal meta l s . The s a m e conclu­
sion was reached by Yanson in his exper iments 
using evaporated fi lms. 
We will briefly give some other experimental r e ­
sults and conclusions 
(i) Figure 1(d) te s t s the possibil ity of d i s s imi lar 
junct ions—here with a " s p e a r " of Cu and "anvi l " 
of Au. The r e s u l t s suggest that the effect is addi­
t i v e — a s was given by Wexler, 1 5 Eq. (69). 
(u) Using anvils of single c rys ta l s , pre l iminary 
exper iments seem to show that the r e s u l t s d o n a i 
depend on the exposed crysta l l ine face. The form 
of the variat ional function of Wexler suggests that 
the half width at half maximum of the e lect rons 
which p a s s the orifice is 45°. This is 82% of 54.7°, 
the angle between [100] and [ i l l ] . 
(ш) Plotting all our experimental data, the ampl i­
tude of the first peak sca les a s Ω 0 to the 0.36 
± 0 13 power, this is consistent with the analysis 
above (0 5 power) The size of the res iduals sug­
gest that the internal consistency of the data is of 
the o r d e r of 20%. 
(iv) Yanson has defined γ, the rat io of the "back­
ground" to the first peak height. 8 γ shows a de­
pendence a s П0 to the power -0.54 for Yanson's 
Cu data and - 0 53 for o u r s . Thus Ü does not de-
pend on Ω0 
(ν) Я depends on the res idual res i s tance ra t ios RR 
of the anvils a s the power - 0 52. 
(vi) The ra t io of the a 2 f " s of Fig. 1 to the related 
f'((D)'s shows that a2 is strongly ω or energy d e ­
pendent T r a n s v e r s e phonons couple to the e lec­
tron gas about four t imes more effectively than 
longitudinal phonons in noble metals This is con­
sis tent with the r e s u l t s and conclusions of a theory 
of Das, who first suggested 1 6 in a quantitative way, 
that rf e lect rons were important and strongly 
umklapp coupled to t r a n s v e r s e phonons in noble 
meta l s . It is likely that the same is t rue in t r a n s i ­
tion m e t a l s — o r " t r a n s i t i o n - m e t a l compounds." 
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Normal Metallic Point Contacts 
The (nonohmic) resistance of tiny metal contacts 
shows new structure at metal phonon energies. 
A G M Jansen, F M Mueller, Ρ Wyder 
(1 + ^ Н І - z 7 £ V ) The two signs re-
fer Io ihe two sides of Ihe circular orifice 
(he geometry has cylindncdl symmetry 
The résistance of such a contact may be 
found by dividing (he total voltage drop 
(here 2V0) by the total current flowing 
through any contour of constant voltage 
For Simplicio, we choose the contour 
V ( r ) - 0 . that is, the onfice itself 
(ξ = 0) The current / is given (in c> 
lindncal coordinate^) by an integral of 
the current density 7 over the area Ö of 
the orifice 
With (he widespread use of miniatur 
ized semiconducting devices (diodes 
transistors, and integrated circuit chips), 
new problems arose in attaching stable 
metallic leads Although (he currents 
that flowed through (he metallic leads 
were small—typically of the order of a 
few milliamperes—the contacts were so 
small that (he resulting current densities 
were enormous—as large as IO6 amperes 
per square centimeter Such high current 
densities were well above anything en-
countered m (he laboratory or in tech-
impurities become weaker and weaker— 
and eventually break These technical 
problems are now well understood, but 
the solution has involved a wide variety 
of disciplines 
Background: Large Contacts 
The general problem of understanding 
electrical contacts is quite old it first 
arose with the advent of rotating electri-
cal machinery in (he early 1890*8 The 
nology before In such a regime, new 
phenomena, which in the ordinary world 
are very tiny, become important All me-
tallic crystals contain impurities, va-
cancies, or dislocations In a strong cur 
rent density (or equivalendy, a strong 
elecinc field), these defects force elec-
trons to stream around (hem and hence 
exert forces on (hem, they move or dif-
fuse. driven by (he electron "wind " 
This process is now called elec-
tromigration (7) When such diffusion 
takes place in constan! strong fields for a 
long (ime, the defects migrate and be-
come (rapped—for example, al (he me(-
al-semiconductor interface Mechanical-
ly, contacts with piled-up vacancies and 
SCIENCE VOL 199 10 MARCH 1978 
classical solution in the ohmic regime 
was given by Maxwell (2) by solving 
Poisson*s equation for the electrical po-
tential V as function of coordinate r 
V*V(7) = 0 ( I ) 
in oblate spherical coordinates Con-
tours of constant potential of current 
flowing through a constricting circular 
orifice of radius a are given by 
V(r) = -Voil • arc l a n d / f ) ] (2) 
\dO J 
αφ 
r(/rcrl a. (3) 
Summary The measured voltage derivative of the nonlinear resistance of tiny 
pomt contacts can be separated into a phonon-emission effect ia2F) and an analytic 
functional form (background effect) The α 2 Γ $ show structure coincident with bulk 
phonon densities ol stales Values of the integral of 2 α2Ρ/ω are closely related to 
literature values The background effect is related to the impunty concentration of the 
materials 
where σ is the conductivity and a V/ñz is 
the ζ component of the electric field t 
The Maxwellian resistance (2) of the 
contact is then given by 
AM = £- (4) 
where ρ is the resistivity (= l/σ) Equa­
tion 4 has been verified (J) to an accura­
cy of about 1 percent for a wide variety 
of "practicar* contacts There are also 
many exceptions (3) 
New Phenomena in Small Contacts 
In this article we focus on some inter­
esting exceptions that have been exam­
ined [4, 5) at Nijmegen In these expen-
ments the contact radii are made so small 
(— 40 angstroms) (hat (he current den­
sities are orders of magnitude (I0 1 0 to 
10" amp/cm2) larger than those pre­
viously considered We were stimulated 
to try such experiments by the work of 
Yanson (Ö), who used a technique (hat 
depends on puncturing (wo metallic 
films, separated by a thin (100 Ä) in-
sulating layer, with a burst of voltage 
coupled through a high resistor It oc-
where the oblate spherical coordinate ξ 
may be found from (he more familiar 
spherical polar coordinates г and ζ by 
solving the implicit equation r^/a2 = 
00Э6-8075/78/0ЭІО-10Э7$0І 0W0 Copynghi 
A G M Jansen is a graduale student and F M 
Mueller and Ρ Wyder are professors of physics at 
the Physics laboratory Univemty of Nijmegen 
Nijmegen Netherlands All three arc connected 
with ihe Stichting voor Fundamenteel Onderzoek 
der Materie (Foundation for Fundamental Research 
on Mailer) This article is ал English tran »lai ion of 
an article wnlten for (he Ntdtrlands Ttjdschr\fi voor 
Natuurkunde 
Φ 1978 AAAS 
8 0 
curred lo us thai ιΓ we could form such 
liny meldlhc bridges from sharp points 
the resulting junct ions might be simpler 
lo form and control than those formed 
from shorled films The major potential 
disadvantages of pomi contacts involved 
questions of mechanical stability 
Expérimental technique We formed a 
sharp tip (of radius - '/i micrometer) on 
a (hin wire ( spear ) by an electrolytic 
etching technique (7) This was mounted 
rigidly on a subassembly with a larger 
wire ( anvil > cooled to 1 20K and the 
spear anvil separation w is carefully ad 
justed On the basis of the results dis 
cussed below we believe that wiihm (he 
etched tip of the spear there are micro 
scopic regions which on this scale are 
large conical mountains rising 100 to 
200 A above the average plane of the 
tip Usually one of these is dominant ac 
tually touches first and forms the metal 
lie resistive junction we measure The 
separation is first crudely adjusted by 
means of diflerenlial screws and then 
finely adjusted by using a piezoelectric 
substage We can control the separation 
lo betier than 10 ь cm by means of the 
piezoelectric lever arrangement 
The expérimental apparatus is shown 
m Fig I The resistance of the point con 
tacts formed in noble mêlais at a low 
temperature (1 20K) is quite high—about 
10 ohms If we estimale the radius a·,, of 
such a coniaci from the Maxwell equ ι 
lion (Eq 4) we find the liny value of 
about 0 2 A This is far smaller than both 
the classical resistive scattering length / 
(about IO4 A) and the qu intum mechani 
cal de Broglie wavelength \ (about 5 A) 
Moreover the measured contact resist 
ance is distinctly nonlinear or non 
ohmic 
\onlinear contacts In Fig 2 we show 
(he voltage dependence of the current 
and ihe first and second denvativ-es of a 
nonlinear / V characlensi ic curve for a 
pomi contact of copper whose resist 
ance was 5 7 ohms at a voltage near ze 
ro [The measuring technique involved 
phase sensitive detection of first and sec 
ond harmonics similar to that used in 
tunnel junction spectroscopy of super 
conductors (8) ] Figure 2 is a direct pho 
tograph of the output of an ι \ plotter 
The (dynamical) resistance (curve b) is 
nearly an exactly symmetric function of 
voltage the nonlinear second derivative 
(curve c) nearly an anlisymmelnc fune 
tion The broad peaks in curve с at ± 15 
and ± 27 millivolts are reproducible 
from sample to sample and coniaci to 
contact The small structure near zero 
bias and the narrow dip at +17 mV are 
electrical noise The tiny ripple seen 
at > 30 mV is the intrinsic mechanical 
and electrical noise m the experiment 
New phenomena have arisen because 
of the small size high current density 
and high electric field of the point con 
lacls 
Scattering Length versus Radius 
Let us consider the classical scattering 
length question first The problem of the 
flow of classical electrons of large scat 
lermg length / through ι sm ill orifice 
lesembles a problem in gas kmelic iheo 
r> (9) As the pressure in a gas vessel 
is lowered for example by pumping 
through a small hole mio a vjcuum the 
mean free path / between collisions in 
creases Eventua l^ the path length will 
be larger lhan the orifice n d i u s a One 
then no longer has diffusive flow and the 
gas molecules penetrate the onfice bal 
lisiically This problem was first consid 
ered by Knudsen (/Ö) in 1909 and is now 
called the Knudsen effect The different 
regimes are characterized by the Knud 
sen ratio Λ - l/a 
Fig I Experimental apparaius The spear 
on the right is moved into the anvil on ihe 
left by means of differential screws and a 
piezoelectric lever arrangement The separa 
lion can be controlled to better than 10 β cm 
In the case of electrical contacts (he 
major effect (in the regime of high Knud 
sen ratios) is to cause a steep voilage 
gradient or high effective elecinc field to 
develop in the contact region Crudely 
then in this regime the contact serves as 
a device to inject electrons of high ki 
netic energy from one metal into anolh 
er but with a carefully controlled excess 
kinetic energy or velocity This excess 
velocity is given by l i = ± с V/py 
where the sign depends on whether the 
particles passing through the orifice are 
holes οι electrons < is the electric 
charge V is the voltage drop across ihe 
contact and pb is the Fermi momenlum 
The excess current / is proportional to 
the current density times the area or 
m Λι*77Í/2 where л is the particle density 
Calculating the resistance as V/I we 
find R = py/n^na1 In the Drude theory 
of the electron gas the quantity Pt/ncг is 
equal to pi the resistivity times the ef 
fective scai iennç length In the high A' 
regime the resistance of an electrical 
contact has been estimated by Sharvin 
( / / ) a s 
*-¥ = ***-£ <s 
4a 2 4d 
(Note that in this form the resistance is 
quadratically dependent on the inverse 
of a ) In our experiments the Knudsen 
resistance is larger lhan the Maxwell re 
sislance by the factor K/2 or about 100 
Using ihe Sharvin formula we find the 
(larger) estimale for a of about 40 A 
Quantum eflet t\ Thus a is much 
larger (han the de Broglie wavelength so 
that direct quantum mechanical Fresnel 
(edge of the hole) interference phenom 
ena (12 ρ 161) would be weak and 
would be visible only if a large voltage 
(about 600 mV) were impressed on the 
contact However if two or more of ihe 
mountains on the elched tip were of 
roughly equal height but spaced far 
apart then it would be possible to see 
the quantum mechanical analog of 
Young (double slu) interference (/2 ρ 
114) If the two mountains were 
spaced 600 A apart then by the Heisen 
berg relation an extra momentum ρ of 
about 10 ¿i gram centimeter per second 
would be needed or an excess energy of 
aboul 0 5 mV for free electrons to see 
interference 
In a few of our formed contacts we 
see exactly the same emission phenome 
na as will be discussed below but with a 
60 percent (height) modulation al a fre 
quency o f a b o u t 0 7 5 m V We interpret 
these as quantum mlerference effects 
due to multiple junctions Such effects 
were also seen m ihe expenments of 
Yanson (6) 
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Interpolalton Formula 
Between the two regimes—low К 
(M.ixwell) ami high A (Sharvm)—one 
needs .in interpolation formili ι which 
system me iliv tre its the pmblcrr ind 
yields thest extiemc limits Wcxler (/f) 
has given such a formula based on t\a i 
lational solution to the nonlocal Bold 
mann equation He transformed the 
problem of electron flow through an on 
fice into the problem of an emitting disk 
The transformation is similar t o t h it used 
by Babinet in treating the analogous 
problem of the equivalence of screens 
and holes in geometric optics ІІ2 ρ 
147) Wcxler s interpolation formula is 
Λ,η. 
UK) 4A_ 
3π<τίΐ 
(6) 
where I (A) is a slowlv varying function 
of A and takes the value I for A - 0 and 
9irVl28 for large A The first term is like 
the Maxwell resistance the second like 
the Sharvm resistance In our expen 
ments we take the partial derivative of 
the contact resistance with respect to 
voltage V \\e assume that the orifice 
radius is independent of vottage and the 
scattering length is dependent on voltage 
(or energy Í V*) The combination Α/σ in 
the Sharvm like term is independent of 
voltage since //<τ is independent of the 
scattering length Thus only the first 
term enters the partial derivative 
di 1(A)/ J _ 
2σα rì V HeV)} (7) 
(Note that the structureless second term 
in Eq 6 serves as a senes ballast resis 
tor to establish the voltage drop on the 
contact The first term is the active 
one ) The total scat tenng length / is given 
by 
(8) 
Ч Т 
+ 
fV l 
- /Дш 
2π 
- (VI 
Jüia 
+ /„(ω 
!
Γ( 
+ fVI] 
(9) 
where / I m p is the scattenng length due to 
impunlies and where l
ep the electron 
phonon emission length is given by 
1 
[2N„M 
where vh is the Fermi velocity a'
il·^ω) 
the electron phonon coupling \/т(е\ ) 
the energy dependent emission rale and 
Λ Planck s constant over 2π Equation 9 
is the condensed matter analog of Fer 
mi s second golden rule The matrix 
element squared is a i the coupling 
constant and l·iω\ is the phonon density 
of states The thermal Bose i \„) and Fcr 
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l i b i c i h чрепгпепі il parameters for the point contacts of big t Symbols R
n
 resistance of 
!he point coniaci it /его voll ige Aty Dehvc energv a radius of the contact determined from 
R (4 ЧтгІЫ Δ1) К Kmidscn number λ, electron phonon ρ irametcr recommended by Grim 
\ill(/Sl K
v
 electron phonon ρ ir imeter determined h\ Hovl and Mota (/6) ind λ, electron 
phonon par imcier determined by [he point contact technique 
Мліе 
nal 
Η 
(ohm ι 
C u í n s -
Ag Ag 16 
Au Au 12 0 
кв 
imcV) 
19 I 
14 0 
72 ι 
S4V 
17 I 
mi ( fa) factors enter because in con 
densed matter one needs to thermodv 
namically average over the svstem At 
low temperatures as in our expenments 
the Bose (actor vanishes and the Fermi 
factors are nearly step functions Taking 
the voltage derivative these become 
Dirac delta functions centered at 
ω = ± e\ In the low tempetature limit 
only the one at ω - e\ contributes 
Experimental Results 
The data for copper plotted in Fig 2 
curve с show both a slight asymmetry 
(about V 0) and a slight positive shift 
in the signal Wc attribute the asymme 
trv to a d с voltage bias due to the ther 
mal voltage over the coaxial leads to the 
point contact at 1 2<>K This small volt 
age shift is about 0 S mV We interpret 
the slight positive shift as due to first har 
monic leakage into the second harmonic 
channel as well as tunneling leakage in 
Fig 2 (left) Photograph of the recorder sheet 
with (curve a) current / (curve b) first denva 
tive d\ldl and leurve c) second denva 
tive cPV dl2 plotted against applied volt 
age Fig 3 (right) The measured voltage 
derivative of the resistance of point contacts 
as function of applied voltage for (a) Cu (b) 
Ag and (c) Au is plotted as solid lines (left 
hand scale) The right hand scale is the derived 
value for t»1^ The background functions are 
shown as short dashed curves and ihe phonon 
density of st lies as long dashed curves 
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the contact itself [which is even (£) in the 
second derivative] The continuous data 
were digitali7cd ι - Dita )] on a gnd of 0 5 
mV A new energv scale shifted by Δ 
was defined and the symmetric and 
anlisymmelnc parts in the shifted 
energy scale were found {0
Λ
Ιω) = 
1
Л[1Хш - Δ» /)( ω Δ)] | The m 
tegral A of the antisymmetric part was 
defined as 
DA{(i))dù) (10) 
The shift A was varied in steps of 0 I m V 
until Λ
τ
 was maximized This Λ was the 
same for all noble metal point contacts 
The resulting / ) A s are shown in Fig 1 
together with literature values for the 
phonon density of slates obtained by fit 
ting Born von Karman models to in 
elastic neutron scattering data (14) The 
close coincidence of the peaks in the sec 
ond derivative and the transverse and 
longitudinal peaks of the phonon struc 
ture suggest that bulk phonons play a 
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dominant role in I he phenomena of point 
coniiicls As the resistance at zero bias 
/?„ is varied the ratio y of the height of 
ihe firsl peak to that of Ihe flat portion 
abose the second peak vanes inversely 
with An1 z Thus dRidV contains two ef 
feels azl· and the effect leading to the 
relatively flat JR d\ above the phonon 
peaks By making point coniaci s of ex 
iremely high Ra (> 100 ohms) Yanson 
(Ó) has shown thai the flat portion can he 
made small relative to the phonon effect 
Because of its relative smallness at high 
Rn we have called the flat portion the 
background (BG) effect Yanson only 
used data with high Ru lo And а г Р ч we 
wished a more global treatment After 
some experimentation we found thai the 
functional shape 
BGteVO = В tanh3(3 fV/2AffDl ( I I ) 
where к is Boltzmann s constant given in 
appropriate units and θ η is the Debye 
temperature worked well В is a con 
slant tit at 30 mV This functional form 
yields the short-dashed curves in Fig 3 
The difference between dR/dX and the 
background is Ihe derived absolute a2/· 
from these experiments The nghl-hand 
scales of Fig 3 are found from the values 
listed in Table 1 and the derived relation 
between dR/dV and a2l· Apart from 
Yanson s values, we know of no other 
experimentally determined a2F"s for 
noble metals in the literature To check 
our results we integrated to find λ as 
=r- l· /ω dui (12) 
These values are listed in Table I as λρ 
and are in close ( з 15 percent) agree­
ment with the literature values \G (15) 
and λ 4 (/6) Using the fitted background 
function, we could derive similar values 
• Cu * (h ow BR 
• Cu * th h H h RR 
^ Ä ^ ^ 
• S^ : 
A ; ι 
*^·, 
• ^ _ 
Β 
\ 
•^ 
Res staice R0 юм-л 
H g 4 The ratio В A (the background con 
stant divided by peak height) ds a function of 
the resistance Я 0 for two different values of 
the residual resistivity ratio 
of λ from dR/dV s for which Ä0 ranged 
from 2 to 30 ohms 
On the basis of the coincidence of the 
structure of our curves in Fig 3 with the 
structure of the phonon curves obtained 
from neutron scattering data and the 
good agreement of our λ s with those 
from the htetature we conclude that the 
voltage derivative of the resistance of 
tiny point contacts (with background 
subtracted) provides a simple and conve­
nient tool for measuring a'1l· in normal 
metals 
Background Effect 
We now examine the background ef 
feet in greater detail In Fig 4 we have 
plotted the loganthm of y the ratio of the 
background constant В to the peak 
height A of the derived a2F. against the 
loganthm of R0 for point contacts formed 
from copper having (wo different values 
of the residual resistivity ratio (RR) The 
large dots in Fig 4 are for material 
whose RR was 71 The small dots corre­
spond to samples formed from spears of 
RR 71 and anvils of RR more than 4000. 
with a geometric mean of 500 Plotted in 
this wav the data show thai the back­
ground effect is related to the impurity 
concentration The constant В varies as 
RR ' ' With this separation by RR the 
data in Fig 4 are well fit b\ two lines of 
slope -l/i that is у vanes as Äo"1 ! 
We believe that the high current den-
sities within the liny contacts are benefi-
cial m that electromigration effects will 
be swift anv impurity or defect will be 
rapidly swept away from the contact In 
this sense the contacts are self-clean 
ing 
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Chapter V : 
JOURNAL DE PHYSIQUE Col/oque C6, supplement au η0 8, Tome 39, août 1978, page C6 602 
STRUCTURE OF CURRENT VOLTAGE CHARACTERISTICS OF METAL POINT CONTACTS 
A.P. Van Gelder, A.G.M. Jansen, S. Strassler and Ρ Wyder 
Research Institute for Matervalu, Umverevty of tHjmegen, Тоетоог еіа, Nijmegen, The Netnerlands 
Résumé.- La structure observée dans le signal de fond de d2J/dV2 est caractéristique des contacta ä 
pointe métalliques. Elle implique la présence d'un processus à deux phonons, On explique ainsi indi-
rectement la forme du signal de fond. 
Abstract.- Structure has been observed in the background signal of d2J/dV2 characteristics of metal 
point contacts, implying double-phonon backflow-processes. An explanation of the background signal 
follows indirectly from this observation. 
Point contacts between metals are useful to 
determine the parameter a2F, the product of the 
electron-phonon interaction strength and the phonon 
density of states, from the structure of the d2J/dV2 
characteristics (J B current, V = voltage)/l-4/. 
Yanson/1/ forms the metal-constriction as a short 
in a metal-oxyde-metal geometry, whereas our junc-
tions are manufactured by carefully pressing a 
'spear' upon an 'anvil' with a differential screw 
mechanism in combination with a piezo-electnc trans-
lator. The spear consists of a metal wire with an 
electrolytically etched tip (^  0.5 y), the anvil is 
a chemically polished metal surface. Our method has 
permitted an extensive research of high purity ma-
terials, like Au/Au (with an RRR £ 500). Phase sen-
sitive detection techniques have for instance led 
to the d2J/dV2 characteristic of figure 1, which 
exhibits a small reproducible signal if eV > hoi-, 
where ω_ ie the Dcbye frequency of the metals. 
In order to explain the observed structure of 
the current-voltage charactenstici, it is important 
to note that the exact geometrical form of the ori­
fice is not a priori known. For this reason, a num­
ber N of point contacts (assumed to be identical) 
is considered to represent the real junction, where­
as in addition the tunneling probability for the 
electrons (T) may differ from unity. The point con­
tacts are assumed to have a circular orifice with 
radius b. The current J through a point contact has 
been calculated by solving the semi-classical Bolt-
zmann equation for electrons which interact with 
the'lattice-vibrations and impuri ties/6/ The cou­
pling between electrons and lattice is characteri­
zed by the parameter a2F - g(c), a function of the 
Brown Boven Research Centre, CH-5401 Baden, Swit­
zerland. 
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Fig. I : d2J/dV2 characteristic (recorder output) 
of an Au-Au point contact (resistance R = 2.24 , 
temperature of heliumbath Τ - t.2 К) showing the 
transverse (ТА) and longitudinal (LA) phonon peaks 
at 10 mV and at 17.5 mV. The small signal at 27 5 
mV (ТА + LA) is believed to be due to double phonon 
scattering, followed by a backflow process. 
phonon-energy (t) such that the energy-dependent 
electron mean free path 1(ε) is given by 
1(e)" 1- 2π()1ν
Γ
)-1 ίξάζχ g(e-ei). For our calcula-
tions/6/ it is assumed that the temperature is suf­
ficiently low that thermally excited phonons may be 
ignored ; this assumption is only reasonable for 
such values of the applied voltage V that eV is lar­
ge compared with the temperature. If in addition the 
assumption is made that excited phonons may be igno­
red, the current through the orifice may be expres­
sed as the sum of an (infinite) series of terms, 
which may be labelled according to the number (n) 
of collisions entering in it, and supplemented with 
a factor b in view of dimensional considerations. 
The leading term, proportional to b 2, represents 
the field-emission current through the contact, pro-
portional to V and the area of the orifice. The next 
term, proportional to b 3, accounts for the backflow 
of electrons through the orifice. This backflow is 
possible only after the electron has interacted with 
the lattice and during the process spontaneously 
created a phonon. The following term, proportional 
to b \ represents the backflow contribution after 
two collisions, with a net production of two phonons 
etc. The kinetic processes corresponding with these 
terms are shown in figure 2. 
1 
РМ)гюп ε j 
Fig. 2 : Backflow process, following a scattering 
event where a non-equilibrium phonon is spontaneous­
ly created. 
1 ^  5 have been found for high-ohmic junctions, and 
tunneling parameters of roughly equal order of ma­
gnitude. 
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For instance, the single-collision backflow term of 
a eV eV 
the current is proportional to b ƒ d£z f dCi 
o tg 
g(ei-C2) for the process of figure 2. The experimen­
tally observed structure of d2J/dV2 is hence propor­
tional to b3g(eV), in agreement with reference/1/, 
but different by a numerical factor of 1.8). We find 
that d2J/dV2 - -AT2Nb3.g(eV), with a constant 
A = 4πη e3()ÍVpm)~1, for this process if η , e and m 
are the density, charge and mass of the electrons. 
The double-collision term gives rise to a contribu­
tion to d2J/dV2 proportional to Τ 2№Λ ƒ* de g(e) 
g(eV-e). The small two-phonon contribution shown in 
figure 1 is in good agreement with this term, and 
of order b/1(eV) in comparison with the single-col­
lision one. It may be concluded that the main back­
ground signal saturating to a constant value if 
eV > hu cannot be explained in terms of multiple-
scattering backflow processes. The main background 
signal can be shown to result from stimulated pho-
non-emission processes, involving the created pho­
nons, and is proportional to T2Nb'f ƒ de g(e)/ 
{e λ(ε)}, where λ(ε) is the phonon-mean free path. 
The relatively large magnitude of this term, compa­
red with the double-phonon collision one, results 
from the smalIneβa of the phonon-mean free path in 
comparison with Ι (ε). An unambiguous identif icatioij 
of the terms proportional to b 3 and to b1* (back­
ground) is possible, and hence of the function g(eV) 
by comparing the d2J/dV2-characterietice of diffe­
rent point contacts. Typical values for N of order 
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Chapter VI : POINT CONTACT SPECTROSCOPY IN NORMAL METALS 
Reprint Workshop on Current Problems in Superconductivity. Gwatt (Thun), 
Switzerland, 25-27 October 1979. 
A.G.M. Jansen, A.P. van Gelder, F.M. Mueller, 
S. Strässler and P. Wyder 
Research Institute for Materials, University of Nijmegen, 
Toernooiveld, Nijmegen, The Netherlands 
Brown Boveri Research Center, Baden, Switzerland 
The behaviour of real superconductors can most clearly be described 
on the basis of the celebrated Eliashberg equations, where the detailed 
form of the electron-phonon interaction is explicitly taken into account 
(see Prof. M. Peter, Theory of Real Superconductors). One of the impor-
2 
tant ingredients of this description is the Eliashberg function α F(u); 
here, loosely speaking, о is some averaged electron-phonon interaction 
matrix element, and F(D) is the density of states of phonons with energy 
hü). It seems to be rather difficult to get reliable values for α F, 
essential for the analysis of superconducting properties of real mate­
rials, from theoretical bandstructure calculations. Therefore it is of 
considerable importance to be able to measure this function experimental­
ly. In part, this can be done by inelastic neutron scattering or diffuse 
X-ray scattering, where F(ω) is determined, or with the Mossbauer effect 
(measuring the moment ƒ α Γ(ω)ω di¡¡, η = +_ 1, + 2 ) or with tunneling 
spectroscopy with superconducting tunnel junctions. As the same electron-
phonon interaction is responsible for the resistivity, it should also be 
2 
possible to get α F from a suitable analysis of the temperature depen­
dence of the electrical resistance of metals. 
It is the purpose of this note to discuss a new method (point contact 
2 
spectroscopy) which in principle allows to measure α F in all reasonably 
pure normal metals with a not too short mean free path t . Point contact 
1 2 
spectroscopy has been discovered by Yanson ' , who measured the voltage 
dependence of the resistance between two evaporated normal metal films, 
separated by an oxide layer with a short circuit that formed the metallic 
contact. The same deviations from Ohm's law in simple metals can be seen 
by measuring the voltage dependence of the point contact resistance be­
tween an electrochemically sharpened whisker ("spear") (with a curvature 
radius at the "point" of some yro) pressed against a bulk piece of metal 
86 
3 4 ("anvil"), single crystals or not ' . Fig. 1 shows directly the recorder 
output of the current I and its first and second derivative with respect 
to the voltage as a function of the voltage V applied over the point 
contact, measured for such a "spear and anvil" arrangement in simple 
off-the-shelf copper. The structure 
in the second derivative appears at 
the typical phonon energies of Cu 
(one sees clearly two transverse and one 
longitudinal mode) and it is obvious 
that this signal is related to the 
electron-phonon interaction in Cu. 
Although some exact theories of 
this effect do exist, based on the 
solution of the full non-linear 
Boltzmann equation, we will limit 
ourselves here to a more heuristic 
and pedagogical discussion. 
The problem of the constriction 
resistance of a small contact between 
two metals has been studied for the 
Fig. 1. Recorder sheet with (a) 
current I and first derivative 
dV/dl, and (b) second derivative 
d^v/dl^ plotted against applied 
voltage for a Cu-Cu point contact. 
first time by Maxwell quite some time 
ago . He solved Poisson's equation 
2 
for the electrical potential V as a function of the position £, V V(r^)=0, 
in oblate spherical coordinates. Contours of constant potential of a 
current flowing through a constricting circular orifice of radius a are 
given by V(r_) = + -r- [ 1 - (2/π) arctan (1/ξ)1, where the oblate spherical 
coordinate ξ may be found from the more familiar spherical polar coordi-
2 2 2 2 2 2 
nates r and ζ by solving the implicit equation r /a = (l+ξ )(1-z /ξ a ) 
(Fig. 2). The two signs refer to the two sides of the circular orifice. 
The resistance of such a contact may be found by dividing the total vol­
tage drop (here V ) by the total current flowing through any contour of 
о 
constant voltage. For simplicity we choose the contour V(£)=0, that is 
the orifice itself (ζ=0) . The total current is then given by I = ƒ dO-j_. 
Explicitly using Ohm's law in the form j = σΕ = (1/p) · OV/3Z) , where 
σ = 1/p is the conductivity of the bulk material, one gets for the 
Maxwellian resistance 
(D/2a) (1) 
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Flg. 2. Maxwell's solution for 
current- and equlpotential-
lines for the constriction 
resistance. 
For finite K, a suitable 
interpolation between 
Eqs. (1) and (2) can be 
found by solving the 
linearized Boltzmann 
equation with the varia­
tional principle, and one 
7 
gets 
R = (р/2а)-Г(К) + 
(4/Зтг).К.(р/а) 
(3) 
It is obvious that the validity of 
this calculation breaks down if the 
mean free path I of the electrons be­
comes comparable to the size of the 
orifice a, i.e. if the Knudsen number 
К = i/a is getting important (Fig. 3). 
The limiting case for large К has been 
discussed by Sharvin . If there is a 
voltage drop V across the contact, the 
electrons passing through the orifice 
are getting a speed increment 
Δν = eV/p , where ρ is the Fermi mo-
Γ* f 
mentum. The current due to this speed 
2 
increment is then given by І=ла neAv « 
2 2 
•na (ne /ρ )V, where η is the particle 
density. Using a Drude-like expression 
2 
for the resistivity ρ = ρ /(ne i) one 
gets for the resistance of a point 
contact in the high К regime 
2 
Rg = V/I = pl/(*a ). An integration 
over all angles gives the numerical 
factor in front and leads to the 
Sharvin resistance 
R - ± Ei- . (JL) K-R 
s 3 TIT 4*' K RM 
(2) 
Fig. 3. Point contact in the Knudsen 
regime. 
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ПК) is a slowly varying function of К with Г(К=0) = 1 and Г(К=<») = (9тг2/128) . 
The first term in Eq. (3) is like the Maxwell resistance, the second 
like the Sharvin resistance. 
If the mean free path I is energy dependent, l=t(E), one gets a vol­
tage dependence of R=R(V). As the combination of ρ·1 in the Sharvin-like 
term in Eq. (3) is independent of the mean free path £(ε), only the first 
term enters the partial derivative 
3R ЭН
М
 рг Э ¿_ί ì ) 
Э "* Э\Г * Г ( К ) 15" Э U(E=eV)J · ( 4 ) 
Note that the Sharvin-like term in Eq. (3) leads to no structures; 
however, the term is essential as he allows to set up an electric field 
over the point contact, otherwise impossible in a metal. 
Assuming the validity of Matthiessen's rule, the total mean free 
path I is given by t = I. + J, , where I is the energy independent 
imp ep imp 
scattering length due to impurities. I is the mean free path due to 
the electron-phonon scattering, 1(E) = ν ·τ(Ε). The lifetime τ(Ε), due to 
the electron-phonon interaction of an electron with energy E above the 
Fermi level, is given by using the "golden rule" as 
- = ТГ I k Ι 2 Ι « ( ε - ε - ϊ ΐ ω ) (Ν + l - f . ) + ί ( ε +hiü -ε . ) (Ν +f. ) ] . (5) 
τ η f- '^q' p k q q k p q k q k 
Here, g is the matrix-element for the electron-phonon interaction for a 
phonon of momentum q and energy fi(i> , ε and e. the energies of electrons 
q ρ К 
with momenta ρ and k, N the Bose distribution function of the phonons 
q 
and f the Fermi distribution function of the electrons. Replacing the 
k-summation in the usual way 
I = „ ƒ a» ƒ - з а з _
 ( 6 ) 
k 0 <2φ 
where N is the density of states at the Fermi level, and introducing 
о 
the Eliashberg function 
α
2
Γ(ω) = N ƒ (2â|) |g | 2 β (ω-ш ) , (7) 
4 ο> 2 ' V q 
one gets 
-ï-г = 4г ƒ dai a2F(ii>) t 2N(<i>)+l-f (Ε-Λω)+£ (Ε·*ω) ] . (β) 
τ(Ε) η ' 
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At T=0, t h i s reduces t o 
тш/т-о) = T f / d ü l а2г(ш) e (Гіш-Е) (9) 
Therefore, one finally gets as the grand result for the voltage derivativp 
of the point contact resistance 
M ( v , -£ІГ(К) ^ a
2 F ( e V ) . 
F dV" 2a 
(10) 
Eq. (10) allows a direct determination of the energy dependence of the 
2 
Eliashberg function α F(u). 
Fig. 4 shows the point contact spectrum dR/dV of Au, together with 
F(ω) determined by inelastic neutron scattering. As expected, the van Hove 
singularities measured by the two different exoeriments coincide. Fig. 5 
shows point contact spectra for all noble metals, again together with F(ω) 
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Flg. 4. Point contact spectrum of a Au-Au point 
contact. Long-dashed curve: Phonon density of 
states from inelastic neutron scatttering. 
Short-dashed curve: Background signal. 
as determined by neutron scattering. As an interesting detail, Fig. 5d 
shows the point contact spectrum of a Au-spear with a Cu-anvil; the 
phonons of both metals, Au and Cu, can clearly be detected indicating 
that spear and anvil together are responsible for the signal. From the 
point of view of understanding the electron-phonon interaction in noble 
2 
metals, it is very important to note that the ratio's of the α F to the 
related FdnJ's show a strong ω or energy dependence. Transverse 
phonons couple to the electron gas about four times more effectively 
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I 
Ag *g 
Fig. 5. Measured voltage derivative of 
the resistance of point contacts as a 
function of applied voltage of (a) Cu-Cu, 
(b) Ag-Aq, (c) Au-Au and (d) Cu-Au plot­
ted as the solid lines. The right hand 
scale is the derived value for a^F . 
In (a), (b) and (c), the background 
functions are shown as short-dashed 
curves and the phonon density of states 
from neutron scattering as long-dashed 
curves. 
than longitudinal phonons in noble metals. 
This is consistent with the results of 
bandstructure calculations showing that 
d-electrons are important and are 
strongly umklapp coupled to transverse 
ohonons in noble metals. 
2 
It is interesting to compare a F as 
measured with point contact spectroscopy 
with theoretical bandstructure calcula­
tions of the electron-phonon interaction. 
The most detailed and reliable pseudo-
potential calculations have been carried 
ρ 
Figs. 6, 7 and θ 
2_ 
out on the alkalis 
show point contact spectra for a'F for 
Li, Na and K, together with theoretical 
calculations, and F(ω) determined from 
inelastic neutron scattering. The agree 
ment is remarkable and confirms the pseudopotential calculations. Note 
that in Li, just as in the case of the noble metals, the electrons are 
more strongly coupled to the transverse phonons than to the longitudinal 
ones, while in the case of Na and К it is the other way around. 
It is very clear and obvious that the theoretical discussion on the 
mechanism of point contact spectroscopy as sketched here is at most a 
guideline for experiments. The full nonlinear Boltzmann equation has to 
be solved in order to understand these highly 
g 
sort of solutions are now becoming available 
nonlinear phenomena. This 
9,10 
, Most of them are based 
on the "back-scattering" concept of van Gelder*": The solutions of the 
Boltzmann equation are expanded in terms of the collision kernel. The 
zeroth approximation is a Sharvin-like field-emission term where electrons 
91 
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1 2-
Fig. 6. Point contact spectroscopy of Li. 
The two solid curves (left hand scale) in 
the top part are measured point contact 
spectra for Li (junction resistances 
25.4 Я (uppermost curve) and 11.8 Π ) . 
The dashed curve is the theoretically 
obtained function α^ΓΙω) (Hayman and 
Carbotte). The curve in the bottom part 
represents the phonon density of states 
F(ω) obtained from inelastic neutron 
scattering experiments. 
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are injected into the other metal, leading to the disturbed Fermi sur­
faces as sketched in Fig. 9. While this does not lead to a voltage depen­
dent structure in the signal, the first order term is given by the 
back-streaming of the electrons through the orifice, after one scattering 
with a phonon. This term leads to a decrease in the total net-current 
and therefore to an increase in the resistance, an essential difference 
with the usual tunneling process through an oxide layer which should be 
pointed out clearly. The second order corrections include collisions 
with two phonons before the electron is scattered back through the 
orifice; this leads to a signal at twice the characteristic phonon energy, 
and can clearly be seen in Fig. 7 at energies of around 30 meV, while the 
typical Debye energy is at 15 meV. 
Fig. 9. Zeroth approximation electronic distribu­
tion function for the theoretical analysis of 
point contact spectroscopy. 
In addition, due to the kinematics involved, the theory predicts an 
2 
interesting efficiency factor. The measured signal is not quite α F, but 
5(ω) = Ν ƒ (3^ 2.) |g | 2 δ(ω-ω )n(q) (Π) 
2k; 
where the efficiency factor n(q) is a function of the scattering angle 
θ=θ (£,lc) . For instance in the expression for the simple dc-resistivity p, 
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Π leads to the well known transport-relaxation time with the famous 
П- (q) = {І-соз (£,k)}, while in the case of point contacts one has 
η = i" {l-e/tciB} pc 2 (12) 
As follows from Eq. (12), η is effective for low phonon energies. This 
PC
 2 
can clearly be seen in Fig. 10 where α F measurements from point con-
pc 
tact spectroscopy in the normal state of Pb are compared with measure-
2 
ments of α F from strong coupling tunneling in the superconducting 
state using the Rowell-McMillan scheme. 
As there are no phonons 
present above the Debye cut­
off frequency ω , i.e. 
F(ω > ω )=0, the point con­
tact spectrum should vanish 
for energies eV > hio_. Never-
D 
theless, as is indicated in 
Fig. 2 with the short-dashed 
curve, a "background signal" 
is present on top of the 
-signal which levels 
off at a constant non-zero 
value for energies above ω . 
This can be understood by 
realizing that in these 
highly nonlinear processes 
the presence of phonons which 
are not in thermal equili­
brium has to be taken expli­
citly into account. It is 
possible to show that this 
background signal (constant 
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10 
0« 
06 
Οι 
02 
α
1 
io 
OB 
06 
Oi 
02 
dV (arbitrary units) 
-
-
-
^ ·. 
thermal average 
trom tunneling 
i \ in } л 1 
¡1 ^ 
У 
' ' i l i l i l í 
k θ 
FM 
-
-
-
-
-
i 
/ " ι Γ 
Jv \ /¡ 
f vi 
í ^ l l i l i l í 
4 В 
pointcontacl-
spectroscopy 
. Pb/Pb 
n 
\ \ 
\ \^ 
12 16 
F((u)(meV 
,tunneling-
/ spectroscopy A 
Pb/Ins/Pb 
Rowell-
McMillan-scheme] ^ 
-
ι 
1 
ΛΊιοηοπ- density 
r ol states 
(neutron-
scattering) 
12 16 
ENERGY (meV) 
12 
10 
0B 
06 
ot 
02 
a
2 F 
pc 
Electron-Ptionon-lnteraction in Pb 
2 
Fig. 10. Comparison of o F of Pb as mea­
sured by point contact spectroscopy in 
the normal state and superconducting tun­
neling in the superconducting state. 
for energies above ω ) is due 
to the stimulated emission of 
phonons during the back-flow 
process. 
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Chapter VII : TEMPERATURE DEPENDENCE OF POINT-CONTACT SPECTROSCOPY 
IN COPPER. 
ABSTRACT 
The current-voltage characteristics of Cu point contacts have been 
studied experimentally between 5 and 300 K. The effect of the temperature 
2 2 
on the measured d V/dl -curves is a broadening of the spectrum for the 
electron-phonon interaction in the metal. The measured resistance of a 
point contact is compared with the resistivity of bulk material as a 
function of the temperature. An analysis of the broadening of the spectra 
and the temperature dependence of the contact resistance is given. 
Differences between the temperature dependences of the resistance of a 
point contact and that of the bulk are ascribed to different transport 
efficiencies for the electron-phonon interaction in these two cases. 
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I. Introduction. 
During the past few years a new spectroscopic method has been employed 
for studying the electron-phonon interaction in metals using point contacts 
between metals. The experimentally observed current (I) - voltage (V) 
characteristics of a metallic contact at liquid helium temperatures are 
non-linear and allow a direct determination of the well known Eliashberg 
2 2 2 
function a F(ω) by measuring the second derivative d V/dl as a function 
1 2 2 
of the applied voltage ' . α F(ω) is the product of the density of states 
of the phonons and the squared matrix element for the electron-phonon 
interaction, averaged over the Fermi surface. The great importance of 
this point-contact method lies in the fact that it is up to now the only 
existing method to obtain such detailed information about the electron-
3 4 phonon interaction in normal metals. Recently also theoretical work ' 
becomes available, which solves the Boltzmann equation for the point-
contact problem in order to explain the observed phenomena in the experi­
ments. 
In this paper we present point-contact experiments, which for the 
first time have been performed within the entire temperature range between 
liquid helium and room temperature, in order to investigate the tempera­
ture dependence of the spectroscopic data. With increasing temperature 
2 2 
the experiments show that the measured d V/dl -spectrum is broadened due 
to thermal averaging. A weight function given from a theoretical analysis 
of the point-contact problen describes the broadening very well. Further­
more, the theory predicts an analogous behaviour for the temperature 
dependence of the point-contact resistance and that of the bulk resistivity 
arising from the electron-phonon interaction. Our experiments show a 
strong similarity between the measured point-contact resistance and the 
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bulk resistivity as a function of temperature. Small differences between 
the point-contact resistance and the bulk resistivity may be ascribed to 
small differences of the efficiency of the electron-phonon scattering 
process. In the next section we will discuss theoretically the current 
through a metallic point contact as a function of the temperature and 
the applied voltage. From the expression for the current we obtain the 
voltage derivatives (first and second) of the current. The experiment will 
2 2 
then be described, and the experimentally determined dV/dl- and d V/dl -
curves for Cu point contacts are presented and analysed theoretically. 
II. Current-voltage relations for a point contact. 
The interesting behaviour of a point contact m the clean limit, i.e. 
if the linear dimension a of the metallic contact is smaller than the 
mean free path i of the electrons, has been realized for the first time 
by Sharvm . Due to the applied voltage over this type of junction, an 
electric field exists within the metal in the region of the contact, and 
the electrons are accelerated by the electric field near the orifice. Via 
inelastic scattering processes with elementary excitations (e.g. phonons) 
in the metal a relaxation of the accelerated electrons takes place, 
yielding a non-linear current-voltage characteristic as a result of the 
energy-dependent electron-phonon interaction. To calculate the current 
through the orifice one needs the distribution function of the electrons. 
The Boltzmann equation for the distribution of the electrons has been 
solved for this problem by iteration with respect to the collision term, 
3 4 
taking into account the appropriate boundary conditions ' . 
In zeroth order (where the collision term in the Boltzmann equation 
is zero) a distribution function is obtained for the electrons with an 
93 
energy difference for electrons which have or have not passed through the 
orifice, due to the potential drop eV over the contact. Using this dis­
turbed distribution function, the Sharvin current is obtained and is 
given for a circular orifice with radius a by 
^ і Й f
 de[f(£-eV,-f(£,,=i^V = X-. 
-CD О 
The product pi (p is the resistivity and I the mean free path of the elec-
2 
trons) is a material constant and satisfies pi = mv /n e (Drude formula), 
F о 
where m, e and ν are the mass, the charge and the Ferm velocity of an 
electron and η the density of electrons in the metal, f(ε) is the equi­
librium Fermi distribution function for electrons with an energy ε with 
respect to the Fermi level. We have assumed that the electronic density 
of states is constant near the Fermi energy E for applied voltages with 
eV << E ; self-energy effects are hence ignored. 
F 
In next order, single collisions involving phonons are taken into 
account. These inelastic collisions give a negative correction to the 
current, because the electrons can change their momentum and flow back 
through the orifice after a scattering process has occurred. In first 
order, considering only single collisions and ignoring departures from 
equilibrium of the phonon system, the correction to the current is given by 
. 3 
I, = - ъ . ƒ dc[f<e-eV)-f(e)] 
1 nev pi. ' 
F - ш 
χ ƒ dui a2F (ω)[ l+2v((ü)+f (ε+ω)-ί (ε-ω) ] , (2) 
Ρ 
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where ν(ω) is the Bose-Einstein distribution for the phonons. The factor 
[ f(£-eV)-f(ε) ] equals the density of injected electrons of energy ε, 
relative to the Fermi level of the low-voltage side of the contact. Tne 
energy levels ε+ω (with respect to the low voltage side) correspond with 
electrons, which flow back through the orifice after spontaneous or 
stimulated emission (F-UI) , or stimulated absorption (ε+ω) of a phonon 
with energy ω has taken place. In the expression above the electron-phonon 
2 
interaction function α F has a subscript ρ to indicate that in the specific 
2 2 
point-contact geometry α F differs from the usual α F of Eliashberg by 
an efficiency function η(9) = bd-ö/tgS), which depends on the scattering 
angle θ between the velocity directions of the electron before and after 
6 
the collision event with a phonon . In a similar way, one has defined in 
the DC-transport theory for the calculation of the electrical resistivity 
2 7 
the function α F , involving the well-known efficiency function 
4 (l-cos6). If the temperature Τ is zero, equation (2) reduces to 
eV 
I. = r ƒ αε 2 ƒ dc1 α F < E l, . (3) 1 hev pi. 
F о 
It should be noted that I, is of first order in a/I , because 
1 ep 
I. "v. I„ a/i. ; here 1 0 ep 
1/fc (ε) = Ρ— ƒ du a2F(ti))[ 1 + 2ν(ω)+ί (ε+ω)-f (ε-ω) ] (4) 
ep ην 
•^  F ο 
is the inverse of the electron-phonon scattering length for an electron 
with energy ε above the Fermi level (Fermi's golden rule). 
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In point-contact spectroscopy, the derivatives of the current-voltage 
characteristics show interesting phenomena. Differentiating the current 
I = Ιρ,+Ι. with respect to the applied voltage the temperature dependence 
of the resistance at zero voltage is given by: 
3 œ ш/2к Τ 
т )
 =
 R
o
 + R
o bVfï ! α ω α 2 ρ ρ ( ω ) Г " 5 ( 5 ) 
ν
ρ
μ
 о
 y
 s i n h (al/2k T) 
в 
for the case where R
n
(T) - R < R . A similar expression can be found for 
the temperature dependent resistivity in bulk material with the electron-
2 7 
phonon interaction function α F : 
. » ш/2к Τ . 
Ρ (Τ) = j άω a F (ω) . (6) 
h η e ο sinh (ы/2к Τ) 
о В 
The second derivative of the current 1 = 1 + 1 with respect to the 
voltage V is 
2 3 °° 
d I 4-'a e r , 2_ , . ,ω-eV. 
— Τ = - E Γ Ι αω α F ω χ ( . 7 
,2 ην ρί. ^ ρ к Τ 
dV F -<= ^ Β 
χ(ζ) is a bell-shaped function with half-width 5.4 к Τ: 
В 
, , 1 ζ (z-2)eZ+z+2 
Χ ( Ζ ) =
^
e
 ,
 2
 ι ^ " ^ 
Β (e -1) 
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In inelastic tunneling spectroscopy for metal-oxide-metal structures with 
g 
normal metal films a similar thermal broadening was found . For Τ = 0 
2 2 2 
d I/dV becomes proportional to α F (eV) and in point-contact experiments 
с 
at liquid helium temperatures a direct determination of the electron-phonon 
2 2 3 2 2 interaction is possible. We have measured the spectra d V/dl (= -R d I/dV ) 
for Cu point contacts between low temperatures and roomtemperature. Using 
the spectrum for the lowest measuring temperature (5 Κ), which is propor-
2 
tional to α F , it is possible to check the validity of equation (7). In 
Ρ 
addition, we have also investigated the temperature dependence of the 
point-contact resistance at zero voltage and compared this result with the 
measured electrical resistivity of bulk material. 
III. Experiments and results. 
The experiments were performed for copper point contacts. The point 
contacts consisted of a sharply etched needle, pressed against a flat 
surface of bulk material. The needle was fabricated by electro-chemically 
etching of a polycrystalline Cu wire, 50 μ in diameter. The other part of 
the contact was a single crystal of Cu with the (110)-plane parallel to 
the contact surface. The point contact was mounted in a holder, which was 
totally fabricated from copper except for the electrical isolation, to 
avoid the instability of the contacts upon cooling down because of differ­
ent thermal expansion coefficients of the materials used in the sample 
holder. With a screw mechanism stable metallic contacts were adjusted at 
roomtemperature and mounted in a variable temperature cryostat to control 
the temperature between 300 and 5 К with an accuracy of 0.5 K. In this 
configuration it was possible to obtain stable point contacts, and reliable 
in the sense that the contact geometry remained unchanged during a run 
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between roomtemperature and helxumtemperaturc. The derivatives (dv/dl and 
2 2 d V/dl ) of the current-voltage characteristics were measured using phase 
sensitive detection with modulation voltages in the range of 500 yV. 
Because the change in the contact resistance is only a few percent, we 
9 
used a bridge circuit to compensate the unchanging part of the resistance 
m order to achieve higher resolution. 
2 2 
In the Figs. 1 and 2 we have plotted the measured d V/dl -curves for 
Cu-Cu point contacts between 5 and 40 resp. 270 (K). The observed second 
derivative is an anti-symmetric function around zero voltage. For the 
lowest measuring temperature, the transverse (17 mV) and longitudinal 
(28 mV) phononpeaks are clearly visible. The measured structure in the 
Cu point-contact spectra is characteristic for point-contact spectroscopy 
and has been observed in pressure-type point-contact experiments in all 
2 
the noble metals (Cu, Ag and Au) at liquid helium temperatures . According 
to formula (7), the measured spectrum at low temperatures will be pro-
2 
portional to the electron-phonon interaction a F (eV). Sometimes we 
observed (see Fig. 2) structure at the sum-frequency of transverse and 
longitudinal phonons (45 mV). These signals at double phonon frequencies 
were recently observed in point-contact experiments and can be explained 
by an extra iteration in the solution of the Boltzmann equation involving 
4 
double collision processes . For voltages higher than the Debye energy, 
the measured signal should vanish because the phonon density of states 
is zero. In the experiment however, a smooth background signal is observed 
which is nearly a constant above the Debye energy. It has been realized 
that the phonons are not in thermal equilibrium at the orifice . The 
non-equilibrium phonons act as additional scattercenters for the electrons 
(stimulated emission and absorption processes), which yield an extra 
negative term to the current. By solving the transport equation for the 
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d 2 V / d I 2 (arbitrary units) 
60 во 
voltage |mV| 
Fig. 1 : Point-contact spectra for Cu between 4.5 and 40 K. The dashed 
lines (shifted one division on the vertical scale) have been 
calculated by means of the theoretical given thermal average 
of the spectrum at 4.5 K. The point-contact resistance was 
2.2 β at low temperatures. 
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60 
»ollage |mV| 
Fig. 2 : Point-contact spectra for Cu between 5 and 270 K. The dashed 
lines (shifted one division on the vertical scale) have been 
calculated by means of a theoratical given thermal average of 
the spectrum at 5 K. The point-contact resistance was 1.7 Ω 
at low temperatures. 
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phonons a signal in the point-cortact spectrum has been found, which is 
1 0 
constant at voltages above the Debye energy 
By increasing the tenperaturc from hellumtenptratjro up to rooratem-
perature, the point-contact spectra were smeared out due to thermal 
averaging. Eq. (8) gives an expression for the thermal averaging function χ. 
Using the measured spectrum at Τ - ъ 5 К, we have calculated by a con­
volution product the spectra at higher temperatures Τ as follows: 
4^'| - 1 0 k B % ^ ) | X (^) - (9) 
dl " 'T -10 к Τ dl 'т^ В eff 
В 0 
In the argument of the function χ, we have taken an effective temperature 
/~2 2 
Τ = /Τ -Τ instead of Τ, as we are interested in the spectral averaging 
due to the temperature difference between Τ and Τ . We have subtracted 
the temperature Τ from Τ quadratically in analogy to the quadratical 
addition of the standard deviations, or equivalontly the linewidths for 
tne superposition of Gaussian distributions. The introduction of this 
effective temperature will only have an effect on the analysis of the 
spectra at the lowest measuring temperatures. For the signal values at 
voltages beyond the measured voltage range, a linear interpolation of the 
spectrirn at the lowest measuring temperature was used. The calculated 
results, indicated by the dashed lines in the Figs. 1 and 2, show that 
the thermal averaging is very well described by the function χ. In 
section 11 we haven't discussed the influence of the temperature on the 
background function, on which the electron-phonon interaction function 
2 
α F is superimposed. Because the background function will be a smooth 
function of the applied voltage, tne averaging will nardly influence the 
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background for temperatures Τ < 100 К. For temperatures Τ > 100 К the ex­
periments show that the broadening of the background is equally well 
described by the function χ. 
A great part of the temperature dependence of the resistivity in a 
metal is determined by the electron-phonon interaction. Eqs. (5) and (6) 
show that the behaviour as a function of temperature is similar for the 
resistance of a point contact and the resistivity of a bulk metal, except 
for differences in the efficiency of the collisions. To look into this 
problem, we have also measured in detail the resistance of a point contact 
at zero voltage as a function of temperature. First we will look at the 
qualitative difference in the contact resistance between roomtemperature 
and liquid heliumtemperature. It is not unreasonable that the weighted 
2 2 integrals over a F and α F in Eqs. (5) and (6) are roughly equal, 
because in the high temperature limit the weighted integrals reduce to the 
expression for the mass-enhancement parameter λ = 2 ƒ α F(ω)/ω аш for the 
2 
electron-phonon interaction, which can be shown to be equal for a F and 
2 ft 
α F due to a sum-rule argument . With the equality for the weighted 
integrals we obtain for the temperature dependent part of the resistance 
of a metallic contact, using Eqs. (1), (5), (6) and the Drude formula 
2 
px. = mv /n e : 
R(T) - R 0 = 0.360 P-^p- . (10) 
This expression resembles the Maxwellian constriction-resistance 
(R = p/2a) for a circular contact in the dirty limit, i.e. the electronic 
M 
mean free path is small compared to the linear dimension of the contact, 
where Ohm's law is valid. Using formula (10) and the resistivity ρ(Τ) at 
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roomteirperature we can estimato from the experimentally neasured variation 
in resistance between helium- and roomtemperature the linear dimension a 
of the orifice. Tne radius of the orifice can also be determined fron tne 
Sharvin resistance measured at low temperatures (Eq. (1)). Using Eqs. (1) 
and (10) we established the values of the radius of the contact for all 
measured point contacts, which agreed within 10% for the two déterminations. 
From this we can conclude that the assumption of a single circular orifice 
gives a realistic description of the point-contact geometry. 
In Fig. 3 we have plotted the measured temperature dependence of a 
Cu point-contact resistarce. In the sane figure we have also given as a 
dashed line the resistance of a piece of bulk wire from which the sharp 
needle of the point contact was fabricated. For a relative comparison, 
the scaling of the two curves in Fig. 3 has been done in such a way that 
the curves fall together at low temperatures and have the same slope at 
higher temperatures. The overall dependence on temperature is similar for 
the point-contact resistance and the bulk resistance, but the observed 
difference is characteristic for our experiments on point contacts and 
bulk material. An explanation for this difference in the temporature 
dependence of the resistance could lie in the fact, that the two parts of 
the point contact have not been fanricatoa from the same starting material. 
The deviations in the temperature dependent resisitivity, due to different 
purities of samples are known ач Deviations of Mathiessen's Rule (DMR), 
1? 
which are snaller than the residual resistivity at low temperatures . In 
our case the difference in the two curves at higher temperatures is approx­
imately two times the residual resistance of the bulk wire and cannot 
likely be described in terms of DMR. One part of the Cu point contact is 
a single crystal which might yield a different spectrum for α F compared 
with a polycrystalline sample. However, in pressure-type point-contact 
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Fig. 3 : Point-contact resistance as a function of the temperature. 
For comparison the dashed line represents the resistance of 
a bulk-wire (spear-part of the point contact). The values 
Δ (Τ) and Δ^ (Τ) correspond to the difference between the 
ρ tr 
measured resistance and the straight line through R(T=0) 
parallel to the high temperature limit of the resistance. 
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experiments on Cu no strong dependence was observed in the measured spectra 
2 13 
for different crystalline orientations of the point contact ' . We there­
fore conclude that the difference as shown in Fig. 3 might be due to the 
efficiency functions for the electron-phonon interaction in the bulk 
resistivity and the point-contact resistance. 
To show the influence of the efficiency function more clearly we will 
analyse Eqs. (5) and (6) for the resistance of a point contact and a bulk 
sample. We define a function Δ (Τ) = T+{ R(0) -R(T) ]/[ dR/dT ], denoted as 
Δ (Τ) if R is the resistance of the point contact, and as Δ^ (Τ) if R is 
ρ tr 
the resistance of the bulk material. The function Δ(Τ) corresponds with 
the difference between the measured resistance and the straight line 
dR (R(T) = T(—) ) parallel to the resistance at high temperatures. The 
experimental results m Fig. 3 indicate that 6{Λ(Τ)} = Δ (Τ)-Δ (T)<0. It 
follows from Eqs. (5) and (6), that Λ (Τ) = Τ-Τ[ Ρ (Τ)-Q(T) ]/[ P(T)+Q(T) ] or, 
approximately 
Δ(Τ) « 2 Τ Q(T)/P(T) (11) 
for the case (Q/P) << 1, where 
__2. 
Q(T) = ƒ d(i> αΖΓ(ω) q(ü)/k Τ) ; q(x) = 
,3 
sh χ 
(12) 
2„, , , ,, „. , . Χ chx 
Ρ (Τ) = ƒ αω α F(ω) р(ы/к Τ) ; ρ(χ) = 
ΕΙ' ' ^ - ' 3 
sh χ 
2 2 
For the function α F m the definitions of Q(T) and P(T) we take α F for 
Ρ 
2 
the function Δ (Τ) and α F. for the function Δ. (T). The ratio (Q/P) 
ρ tr tr 
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decreases roughly like (1/T) and appears to be quite small compared to 
unity. Eq. (11) is useful for comparing the differences between the trans­
port efficiencies for point-contact and bulk resistances. For this purpose 
the difference δ{Δ(Τ)} = Δ (Τ)-Λ (Τ) can be related to the difference 
Ρ tr 
2 2 2 
δ{α F((i))} = a F (ω)-α F (ω) an the electron-phonon interaction functions 
ρ tr 
6{Δ(Τ)}
 =
 6Q _ jp
 =
 , 2
 } д(Ш/кТ) _ ρ(ωΑΓ) 
Δ(Τ) Q Ρ J ^ " l Q(T) P(T) J У ' 
2 
The right hand side of Eq. (13) vanishes if one substitutes δ{οι F} ->-
2 
const, a F, by virtue of the defining equations (12). Consequently, the 
factor of the integrand between brackets on the right hand side of Eq. (13) 
2 
must have at least one zero at ω (С < ω < ω ) because α F S* 0. A number 
о O D 
of conclusions may be drawn from the experimental fact that δ{Δ(Τ)} < 0. 
2 
For instance, it is not possible that the function α F is shifted to 
Ρ 
2 2 2 h i g h e r f r e q u e n c i e s compared w i t h α F , such t h a t a F < a F a t u < ( i j 
tr ρ tr о 
and a F > a F atci)>üj. Because of the normalisation f du) α F (ω)/ω = 
ρ tr ο J ρ 
ƒ du) α F (ω)/ω it is not allowed that the difference between a F and J
 tr ρ 
2 
α F will be positive or negative for all frequencies. We hence conclude 
2 2 
that the function α F is snifted to lower frequencies compared with a F , 
2 2 2 2 
such t h a t a F > a F at ω < ω and a F < a F a t ü j > ü ) . W e want t o 
ρ t r ο ρ t r о 
2 
compare this result for the electron-phonon interaction functions α F and 
2 
α F with the behaviour of tne efficiency functions of tne scattering 
mechanism at small phonon frequencies. For normal processes the efficiency 
2 
functions η(θ) and (1-соз ) behave both like ω for small angle scattering 
2 
at low frequencies, and therefore no difference is expected between α F 
2 
and α F . Umklapp scattering however is much more dominant in the noble 
metals and particularly important in the point-contact case because of the 
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singularity m the function η(0) at 0 = π. Considering umklapp scattering 
as the main contribution to the electron-phonon interaction function, we 
find that (l-cosG) a const, and η(θ) = ω . According to these arguments 
2 2 
the ω-power will be smaller for α F than for a F , which yield a stronger 
2 
signal of α F at low energies. This is an agreement with the result, 
deduced from the experimentally measured temperature dependence of a point-
contact resistance and that of bulk material resistivity. 
IV. Conclusions. 
Point-contact experiments were performed between 5 and 300 K. The 
2 2 
measured d V/dl -curves of Cu point contacts showed thermal broadening 
of the structure, caused by the electron-phonon interaction, upon in­
creasing the temperature. A thermal weignt function, obtained from a 
theoretical analysis, fits tne experimental result very well. The measured 
resistance of Cu point contacts revealed interesting behaviour as a 
function of the temperature, which resembled the resistivity of bulk 
material. In a relative comparison one observes that the resistance of a 
point contact increases more rapidly than the resistance of bulk material. 
We concluded that the relative difference could be reduced to differences 
2 2 
in tne electron-phonon interaction a b fc^ a point contact geometry (a F ) 
2 
and bulk material (OF ). On the basis of simple arguments, which include 
that umklapp processes are dominant over normal processes in noble metals, 
2 2 
the α F -signal will be stronger at low frequencies than the α F -signal. 
As the weight function in Eqs. (5) and (6) dominates at low frequencies, 
2 
the difference in the α F-signals is in agreement with experimental obser­
vation. Note however that a more detailed analysis is needed to support 
this conclusion, for instance because of the non-sphericity of the Fermi-
112 
sphere in copper. These problems are similar to the calculation of the 
temperature dependent resistivity. It is of interest to deternine the 
power law of the temperature dependence of the point-contact resistance 
at low temperatures to study the relevant scattering processes in a 
point-contact geometry, in analogy to experimental work on the tempera-
ture dependence of the resistivity in bulk material. 
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Chapter Vili : APPLICATION OF POINT-CONTACT SPECTROSCOPY IN METALS 
TO THE KONDO PROBLEM. 
ABSTRACT 
A general relationship between the characteristic structure in the 
electrical resistance of a point contact between two metals and the 
dynamics of the scatterers is used to discuss new experimental results 
on Kondo systems. The method allows to measure directly the energy 
dependence of the relaxation time of the conduction electrons. 
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The problem of point contact spectroscopy with respect to the elec-
tron-phonon interaction has recently been discussed in several papers . 
Here we want to show that the method can be generalized to obtain infor­
mation on the dynamics of arbitrary scatterers. In particular we have 
applied the method of point contact spectroscopy for the first time to 
Kondo systems. 
The expression for a current I flowing through a point contact is 
given by I = ƒƒ dx dy ] (x,y,0), where the integral is taken over the 
surface of the orifice. The current density ] is given by (unit volume) 
η (r) = 2e У v, f (г) . Here, ν, is the band velocity with wave vector к 
ν —
 k
 "Іі
 — 
and the electron distribution f (τ) satisfies the Boltzmann equation 
—к —r ti к к 3t 
— — — — 'coll 
The electric field E must be determined from Poissons equation 
-Δφ = eV-E = - — l f, (r) . (2) 
ε f- к — 
о к — 
The following boundary conditions must be satisfied: 
f (z -» ± ») = f (e (к)) , φ (ζ + ± ») = ± eV/2 (3) 
f is the equilibrium Fer-ni function and V the applied voltage over the 
point contact. c(k) is the electronic energy measured relative to the 
chemical potential μ. The collision term in Fq. (1) for scattering of the 
electron from an arbitrary target (phonons, spins, etc.) is 
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If I = l nk.k'J^Ü-f^l-nk'.lOf^tl-f^ (4) 
'coll k' — — — — 
where 
Γ(]1'^) = f- ϊ Ρ, δ(ε£-ε1-(ε]ς-ε]ςΐυ |<k' f|u|k І>Г · (5) 
if — — 
Here ρ is the probability for the target to be in the state ι and ε 
and ε are the initial and final energies of the target. U describes 
the interaction between scattering electrons and target. 
Of particular interest is the voltage dependence of the point contact 
resistance R(V) = dv/dl because it contains information about the 
scatterer and the interaction. This information can be obtained easily 
only in the limit where the mean free path is comparable or larger than 
the diameter d of the orifice. Therefore it is appropriate to solve 
Eqs. (1) and (2) by iteration with respect to the collision terms. In 
zeroth order one obtains I = eD < v, > V, where D is the area of 
о ' кζ ' о о 
the orifice and <···> = ¿ ·•• δ(ε -ω). In first order the result is 
I ( 1 ) =ι<°>
 +
Δ Ι < 1 ) , L r ¥ 
eV ω 
ΔΙ ' = -2e ƒ άω ƒ du' <<Г(к,к')К(к,к')> > , • (6) 
The weight factor KCk^Jt' ) in Eq. (6) is the common volume defined by the 
two cylinders constructed with the boundary line of the orifice and whose 
walls are // to тл or ν , respectively. In the case of independent lo­
calized isotropic scatterers the change in the resistance is given by 
R = R + ΔΚ, where R = V/I and 
о о 
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eV 
ΔΗ = С ƒ du!1 rteV^'JNieVÏNdu') . (7) 
2 2 
Here С = R 2е <<К(к,к')> > , and Ν(ω) = <1> /<1> is the normalized 
о ο ο ω о 
density of states. The relaxation time τ for an electronic state with 
energy eV above the Fermi surface is 
eV 
τ (eV) = I rUjk') Ξ <1> ƒ Г (е ,ш ' ЖЫ' )άω ' . (θ) 
к' о 
For a dilute system the resistance change linear in the target concen­
tration is simply related to the relaxation time by (Ν(ω) = 1) 
ΔΗ = ^ς- T~1(eV) . (9) 
о 
It follows from Eq. (9) that it is possible to measure directly the 
energy dependence of the relaxation time τ(ω) by measuring the voltage 
dependence of the point contact resistance R(V). We have applied this 
finding to Kondo systems. 
For Kondo systems, the relaxation tine has been evaluated theoreti-
2 2 
cally in several Refs. . In particular, Hamann gives for eV>k T: 
В 
"
1 ( e V> • τ^τ- I1 - 1 η ( ί Γ ϊ - ) [ 1 η 2 ( ΐ Γ ^ - ) + s ( s + 1 ^ 2 1 " 4 } ( 1 0> 
o B K B K 
where Τ is the characteristic Kondo temperature of the dilute alloy 
and с the concentration of magnetic impurities with spin S. 
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We have investigated the current-voltage characteristics of point 
contacts of two systems with a Kondo temperature above and below the 
measuring temperature of the helium bath (T = 1.5 K): CuFe and AuMn, 
with Τ resp. ^ 30 К and ^ 0 К and with nominal magnetic impurity con­ic 
centrations between 0.03 and 1.0 at.% . The point contacts were of the 
pressure type and could be adjusted by pressing a sharply etched wire 
against a flat surface, botn parts fabricated from the same starting 
material. The derivatives dV/dl of the contacts were measured using 
phase sensitive detection. The modulation voltage was in the range of 
100-300 yV and didn't exceed the expected thermal broadening of a few 
к T. With a superconducting coil a magnetic field up to 30 kG could be 
В 
applied perpendicular to the contact surface. 
In all point contacts of the investigated alloy systems the measured 
2 2 
second derivative d V/dl showed structures at voltages corresponding to 
the phonon frequencies, as explained for the pure metal case in terms of 
the electron-phonon interaction (see the inserts in the figures 1 and 2). 
At voltages lower than the phonon frequencies we observed maxima in the 
resistance dV/dl, which were practically symmetric around zero voltage. 
Because of the observed phonon structure m the point contact spectra 
our observations in the metal-metal contacts are essentially different 
from the spectroscopy with metal-oxide-metal tunneljunctions, where the 
exchange coupling between the electrons and the magnetic impurities in 
the oxide layer results in a miηmum (as compared with the maximum in 
the point contact case) in the resistance around zero voltage, as firstly 
4 
recognized experimentally by Wyatt . 
In Fig. 1 the measured resistance of a AuMn point contact is shown 
as function of the applied voltage. Because of the small Kondo tempera­
ture of the AaMn system (|lnT |»1) Eq. (10) leads to T~ (eV) = 
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dV/dI(0 5mn/division) 
10 
Voltage (mV) 
Fig. 1 : Differential resistance dV/dl of a Au-0.03 at.% Mn point 
contact as a function of the applied voltage on a linear 
and a logarithmic scale (Н=2.1П; Τ = 1.5 К). The dashed 
line gives the theoretically expected logarithmic behaviour. 
2 2 
The inserted d V/dl -curve indicates the well known 
typical point contact behaviour with the phonon peaks for 
Au at 10 and 18 mV. 
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dV/dI(2 0 mn/division) 
01 10 100 
Voltage (mV) 
Fig. 2 : Differential resistance dV/dl of a Cu-0.1 at.% Fe point 
contact as function of the applied voltage on a linear 
and a logarithmic scale (R = 1.2 Ω; Τ = 1.5 К). The 
dashed curve is the fitted Hamann-function with 
2 2 
к Τ = 3.5 mV and S = 0.5. The inserted d V/dl -curve 
В К 
indicates the well known typical point contact behaviour 
with the phonon peak for Cu at 17 mV. 
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[ l-21n(eV)/ln(k Τ ) ] . As shown in Fig. ] on a log-scale the resistance 
В к 
behaves over a limited range of V like logV around 1 mV. At higher vol­
tages the resistance increases due to the electron-phonon interaction. 
At lower voltages the deviation is probably due to thermal averaging 
around zero voltage and ordering effects. Note that ordering effects 
have also been observed in measurements of the temperature dependence of 
the electrical resistivity in bulk Au samples with Mn concentrations 
> 0.02 at.% . In Fig. 2 the measured voltage dependence of a CuFe point 
contact resistance is given on a linear scale and a log-scale. Between 
2 and 7 mV a logV behaviour is чееп for the CuFe system as exnected 
according to formula (10) at voltages corresponding to the Kondo tem­
perature (30 К ъ 2.6 mV). For smaller voltages the contact resistance 
becomes nearly constant and a fit to the Hamann-function isn't success­
ful. Note that using the Hamann-formula the obtained temperature depen­
dence of the electrical resistivity is similar to the onergy dependence 
2 
of the scattering rate . Below the Kondo temperature the same deviation 
has been measured in the electrical resistivity of the bulk material 
(see Fig. 18 in Ref. 6). Tne point contact resistance becomes a constant 
at applied voltages which are roughly twice the corresponding tempera­
tures in the electrical resistivity measurements. 
By applying a magnetic field the resistance -naxinum at zero voltage 
splits up in two maxima for the case of AuMn, as shown in Fig. 3. For 
the CuFe case the magnetic fields up to 30 kG lead only to a rounding 
off of the flat resistance maximum, without significantly influencing 
the amplitude of the change in resistance. Assuming that the "Kondo field" 
H = k Τ /μ acts in a similar way as the temperature, the quantitative 
К в к в 
difference for the two systems can be understood. A similar magnetic 
field dependence has been observed in bulk resistivity measurements as 
122 
30 kG 
- 6 - 4 - 2 0 2 4 6 
Voilage (mV) 
Fig. 3 : Magnetic field dependence of the differential resistance 
dV/dl of a Au-0.1 at.% Mn point contact as function of 
the applied voltage (R = 2.5 Ω; Τ = 1.5 К). The curves 
are shifted with respect to the reference point indicated 
by ( + ) . 
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function of temperature for dilute alloys with a low and a high Kondo 
temperature . With increasing Mn concentration in the Au samples the 
curves of the point contact resistances as function of voltage resembled 
the pattern plotted in Fig. 3 upon increasing the magnetic field, proba-
bly due to ordering or, equivalently, internal fields. This has also 
been seen experimentally in bulk resistivity measurements . 
In the case of CuFe point contacts we also observed minima in the 
resistance around zero voltage in some cases. It should be noted however 
that zero bias anomalies (resistance minima and maxima and no structure 
at all) have also been observed in the pure metal point contacts in an 
irreproducible way. It is of interest to establish experimentally 
whether these anomalies in the pure metal case are due to magnetic 
inpunties. Furthermore, it is not unlikely for the used nomiral con-
centrations of Fe in Cu, that the impurities are not distributed homo-
geneously over the sample. 
We conclude from our observations on the voltage and magnetic field 
dependence of the resistance of point contacts m Kordo systems to have 
extended the usefulness of the point contact spectroscopy to obtain the 
energy dependence of the scattering rate of the conduction electrons in 
a Kondo system. 
We are most thankful to Dr. B. Knook froir the Kamerlingh Onnes 
Laboratorium in Leiden for preparing the Kondo samples and very grateful 
to Prof. J. Bass for his stimulating interest in a early stage of this 
study. Part of this work has been supported by the Stichting FOM. 
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SUMMARY 
This thesis deals with an experimental investigation of interesting 
deviations from Ohm's law which have been observed at low temperatures in 
metallic point contacts, if the linear dimension of the contact becomes 
comparable to the mean free path of the electrons. This geometry allows 
to have an electric field within a metal in the region of the contact due 
to an applied 'Oltage. The conduction electrons are accelerated in this 
electric field and come back in equilibrium via collisions with elemen­
tary excitations (i.e. phonons) in the metal. Because these inelastic 
scattering processes depend strongly on the energy of the accelerated 
electrons, the current-voltage characteristic of a point contact is non­
linear. The observed non-linearity allows an energy resolved spectral ana­
lysis of the inelastic collisions of the electrons m a metal using point 
contacts. The measured second derivative d V/dl2 of metallic point contacts 
reveal structures at applied voltages which are in agreement with the pho-
non frequencies of the metal and allow a direct measurement of the energy 
dependence of Eliashbergselectron-phonon interaction parameter α F. 
After a general introduction to the spectroscopic method, chapter II 
gives a survey on the theoretical and experimental work done in point-
contact spectroscopy up to now. The full non-linear Boltzmann equation 
for the current through a metallic constriction is solved, using an itera­
tive procedure with respect to the inelastic collision term in the trans­
port equation. It is found that the measured resistance of a point con­
tact as a function of the applied voltage, is proportional to the inverse 
of the energy-dependent scattering time of the electrons in a metal, for­
ming the contact. For the electron-phonon interaction, this means that 
the second derivative signal is proportional to the a. F-spectrum, taking 
into account a transport efficiency function due to the specific geometry. 
The experimental techniques used for point-contact spectroscopy are dis­
cussed. The data for various metals give detailed and novel results on the 
energy dependence of the electron-phonon interaction, especially for the 
normal (i.e. non-superconducting) metals. 
The following chapters contain experiments dealing with certain as­
pects of point-contact spectroscopy. Experiments with pressure-type point 
contacts of the noble metals (chapter III and IV) give a remarkable inte-
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resting a2F-spectrum which shows that the coupling of the electrons is 
stronger with transverse phonons than with longitudinal phonons. It is 
shown that the observed background signal, on which the a2F-spectrum is 
thought to be superimposed, can not be explained by double phonon proces-
ses only, and non-equilibrium phonons have to be involved (chapter V ) . 
In chapter VII experiments on the temperature dependence of the spectro-
scopic method are described, and one finds an analogy between the tempera-
ture dependence of the contact resistance at zero voltage and that of the 
bulk resistivity,except for small differences arising from the different 
geometrical transport efficiencies in the two cases. In chapter VIII, ex-
perimental evidence is given for the detection of the energy dependent 
exchange interaction between electrons and paramagnetic impurities 
in point-contact experiments with magnetically dilute alloys (Kondo sys-
tems) . 
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SAMENVATTING 
Dit proefschrift behandelt een experimenteel onderzoek van interes­
sante afwijkingen van de wet van Ohm, die bij lage temperaturen zijn 
waargenomen in puntkontakten tussen metalen, waarvan de afmetingen ver­
gelijkbaar zijn met de vrije weglengte van de elektronen. Door het aan­
leggen van een spanning over het puntkontakt ontstaat bij het kontakt 
een elektrisch veld in het metaal. De geleidingselektronen worden ver­
sneld in dit elektrische veld en kunnen weer in evenwicht komen door 
middel van botsingen met elementaire excitaties (b.v. fononen) in het 
metaal. Omdat deze inelastische verstrooiingsprocessen sterk afhangen 
van de energie van de versnelde elektronen, is het verband tussen stroom 
en spanning m een puntkontakt niet lineair. De waargenomen afwijking 
van de wet van Ohm maakt het mogelijk de inelastische botsingen van de 
elektronen in een metaal als funktie van de energie van de elektronen 
spektraal te analyseren met behulp van puntkontakten. In de tweede af-
2 2 
geleide d V/dl , gemeten aan een puntkontakt tussen metalen, is een 
struktuur te zien bij aangelegde spanningen, die overeenkomen met de 
frequenties van de fononen in het metaal en de Eliashberg functie 
2 
a F voor de elektron-fonon interaktie valt hieruit direkt te bepalen. 
Na een algemene inleiding op de methode, geeft hoofdstuk II een 
overzicht van het theoretische en experimentele werk, dat tot op heden 
aan puntkontaktspektroskopie gedaan is. De Boltzmann vergelijking voor het 
transport van elektronen door een puntkontakt wordt opgelost door gebruik 
te maken van een iteratieve methode ten opzichte van de inelastische 
verstrooiingsterm in de transportvergelijking. Men komt tot de conclusie 
dat de weerstand van een puntkontakt, die als funktie van de aangelegde 
spanning wordt gemeten, omgekeerd evenredig is met de verstrooiingstijd 
van de elektronen in het metaal, die van de energie van de elektronen 
afhangt. Dit heeft voor de elektron-fonon interaktie tot gevolg dat het 
2 
signaal van de tweede afgeleide evenredig is met het α F-spektrum, daarbij 
moet rekening worden gehouden met de effectiviteit van het transport van 
elektronen in de specifieke geometrie van een puntkontakt. De expenmen -
tele technieken,die gebruikt worden voor puntkontakten, worden besproken. 
De experimentele resultaten voor de verschillende metalen laten gedetail­
leerd zien hoe de elektron-fonon interaktie van de energie afhangt; met 
name voor de normale (d.w.z. met-supergeleidende) metalen kan deze af-
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hankelijkheid voor het eerst experimenteel bepaald worden. 
De volgende hoofdstukken bevatten experimenten die bepaalde aspecten 
van puntkontaktspektroskopie behandelen. Experimenten met puntkontakten 
2 
van de edele metalen, (hoofdstuk III en IV) geven een opmerkelijk α F-
spektrum te zien, waarvoor geldt dat de koppeling van de elektronen sterker 
is met transversale fononen dan met longitudinale fononen. De waargenomen 
achtergrond in het gemeten signaal kan niet alleen verklaard worden door 
processen, waarbi] de elektronen aan twee fononen verstrooid worden; in 
een analyse van dit achtergrondsignaal moet rekening worden gehouden 
met het feit dat de elektronen niet in evonwicht zi]n (hoofdstuk V). 
In hoofdstuk VII worden puntkontakten als funktie van de temperatuur 
bestudeerd, en wat betreft de afhankelijkneid van de temperatuur ziet men 
een analoog gedrag voor de puntkontaktweerstand en voor de weerstand van 
bulk materiaal, behoudens kleine verschillen in de effectiviteit van de 
verstrooiing van de elektronc-n. 
In hoofdstuk VIII laten experimenten aan puntkontakten met Kondo-
systemen zien dat ook de wisselwerking tussen elektronen en paramagnetische 
verontreinigingen in een metaal met deze methoden bestudeerd kunnen worden. 
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STELLINGEN 
I 
Met behulp van foto-thermische lomsatie-spektroskopie kunnen donoren en 
acceptoren m halfgeleiders afzonderlijk worden waargenomen. Uit het teken 
van de bijdrage van de minderheidsonzuiverheden aan de electnsche geleiding 
kunnen conclusies worden getrokken over de relevante гесотЫnatie processen. 
H.W.H.M. Jongbloets, Proefschrift, Nijmegen 1980. 
II 
Bij de interpretatie van de resultaten van magnetische metingen aan een 
koper(I)-koper(II) complex is de door Schugar en medewerkers geïntroduceerde 
antiferromagnetische wisselwerking voor een groot deel toe te schrijven aan 
verzadigingseffecten ten gevolge van de grootte van het aangelegde veld. De 
temperatuurafhankelijkheid van hun metingen bij lage temperaturen wordt be-
ter beschreven door deze hypothetische antiferromagnetische wisselwerking 
nul te kiezen, waarbij echter wel de schaalfactor moet worden aangepast. 
H.J. Schugar et al., Inorg. Chem. 19^, 543 (1980). 
III 
De levensduur van geexciteerde electronen bij cyclotron resonantie in half-
geleiders kan worden bepaald uit een gecombineerde meting van de absorptie 
van straling ten gevolge van cyclotron resonantie en van de corresponderende 
verandering van het electnsche geleidingsvermogen voor halfgeleideis met 
parabolische banden en als functie van het ingestraalde vermogen. 
J.C. Maan, Proefschrift, Nijmegen 1979. 
IV 
Door de gelijkrichtende werking van puntkontakten tussen metalen te bestu-
deren als functie van de ingestraalde frekwentie (> THz) kunnen de relaxa-
tietijden van de electron-fonon wisselwerking in een metaal bepaald worden. 
ν 
Indien de waargenomen verhoging van de kritische stroom en temperatuur voor 
een supergeleider onder invloed van microgolf straling toe te schrijven is 
aan een verhoging van de orderparameter van de supergeleider kan dit nader 
worden onderzocht door een bepaling van het kritische veld. 
T.M. Klapwijk, Proefschrift, Delft 1977. 
VI 
Verschillen tussen de met behulp van puntkontakten gemeten spektra van de 
2 
functie α F, die worden toegeschreven aan anisotropie effecten ten gevolge 
van de verschillende kristalorientatles in de buurt van het kontakt, kunnen 
worden geanalyseerd door de spektra opgebouwd te denken uit 3 functies voor 
de verschillende kristalrichtingen. 
VII 
De uitgever verhoogt de service aan de lezers van zijn boeken door, zoals 
in het verleden gebruikelijk, bij zijn boeken weer een antwoordkaart of 
soortgelijke bladwijzer te voegen. 
VIII 
Het kraken van woningen werkt de maatschappelijke integratie van de politie 
tegen. 
IX 
Uit het feit dat in de identiteitsbewijzen van de gehuwde vrouw het bij­
voegsel "echtgenote van" staat en niet in die van de gehuwde man, blijkt 
dat de formele gelijkstelling van man en vrouw bij de betreffende overheids­
instanties nog niet ten volle is doorgedrongen. 
A.G.M. Jansen Nijmegen, 27 maart, 19Θ0. 


